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1 Introduction

1.1 Stream Network Topology

Stream network is a study region of geostatistics with very unique topological characteristics. It
resembles R space in the sense that each edge (segment of stream) of stream can be characterized
as line, but it also possesses R? features since stream network branches at each node. Hence, special
statistical tools and techniques should be used to handle the uniqueness of stream network.

Flow-connectedness and flow-unconnectedness

Assume that the stream network has no braided streams and no delta, in which case it has a single
furthest downstream point, the “outlet,” whose spatial coordinate is set to 0. Any location in the
network can be connected to the outlet by a continuous curve along the network, and the length of
that curve is called the “upstream distance” of that location. To uniquely define individual locations
and keep track of their upstream distances, each location is denoted by s;, where ¢ indicates that
the location is on the ith river segment, and s is its upstream distance (see Figure 1 below). Thus,
two locations may be distinct but nevertheless have the same upstream distance. The “total stream
distance” between locations s; and ¢; is the shortest distance between them through the network, and
is denoted by d(s;,t;). For each s;, let U; denote the set of stream segments that lie upstream of s;,
including the ith segment. Locations s; and t; are said to be “flow-unconnected” if U; N U; = (), and
are “flow-connected” otherwise. If locations s; and t; are flow-connected, then d(s;;t;) = |s —t|. On

the other hand, if s; and ¢; are flow-unconnected, then d(s;,t;) = (s — ¢ij) + (t — ¢ij), where g;; is the



upstream distance of the “common junction” of segments 7 and j, i.e., the junction where flows from

segments ¢ and j first combine.
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(a) Stream distance =t — s (b) Stream distance = (s — ¢;;) + (t — ¢s5)

Figure 1: Flow-connected sites (left) and flow-unconnected sites (right) on a stream network

Tail-up and tail-down models
A classical approach to the development of covariance functions on the real line is to create model

residuals as integrals of a moving-average function over a white-noise random process. i.e.,

o
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where x and s are locations and ¢(-|f) is a square-integrable moving average function defined on the

real line (Yaglom 1987). The covariance between between €(s) and €(s + h) so defined is given by

cwww:/mg@wmu—hWMm (1)
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By the construction of C(-|@), it can be easy to verify that C(-|@) is a decreasing function of h.

Appropriate choices of the moving average function yield many of the covariance functions com-
monly used in Euclidean geostatistics (spherical, exponential, etc.). Cressie et al. (2006), Ver Hoef
et al. (2006), and Ver Hoef and Peterson (2010) obtain covariance models for stream network variables
by adapting this classical approach to the unique topology of stream networks. They consider in par-
ticular only unilateral models, i.e. those models that arise by taking the moving-average function to
be positive in only one direction (either upstream or downstream) and zero elsewhere.

Considering those moving average functions that are positive only upstream, and weighting at each



junction to achieve variance stationarity, one obtains the class of “tail-up” covariance functions

i3 Cuw (]3 — tHQ) if s; and t; are flow connected,
Cru (sis tj|{mi;},6) =
0 if s; and t; are flow unconnected,

where the m;;’s are spatial weights and Cyy(-), the unweighted flow-connected portion of a tail-up
covariance function, is a valid covariance function on R. Thus, variables at sites that are not connected
by flow (e.g. sites on two branches upstream from their junction) are uncorrelated. The spatial
weights are given by m;; = [];c B VWi where B;; is the set of segments that lie between the ith and
jth, including the jth but excluding the ith (the jth being downstream of the ith), and wy is any
attribute of the kth segment (e.g., watershed area, flow volume, stream order, stream slope) expressed
as a proportion. Often, it may be desirable to take wy to be the proportion of low volume contributed
by the kth segment to the junction at its downstream terminus, but flow volume is rarely available so
watershed area, which is easily obtained via a GIS, may be used as a proxy. The lack of correlation
between observations on flow-unconnected segments and the explicit account taken of flow volume (or
a proxy for it) make tail-up models seem especially appropriate for stream network variables such as
concentrations of point-source pollutants, which generally move passively downstream.

On the other hand, moving average functions that are positive only in the downstream direction

yield the class of “tail-down” covariance functions

Cye (\s — t ‘Q) if s; and t; are flow connected,
Cia (si,t5]0) =

Ctu (s — qij,t — qi5]0) if s; and t; are flow unconnected,

where Cf.(+) and Cp,(+) are valid covariance functions on R and R?, respectively (and are related to
each other through their functional dependence on the same moving average function). Thus, tail-down
models allow for correlation between variables at all sites on the same network, regardless of whether
they are flow-connected. The flow-connected portion of a tail-down covariance function is a function
of stream distance between locations, but the flow-unconnected portion is a function of the two stream
distances to the common junction. No weighting by flow (or anything else) is associated with tail-down
models. Because they allow for positive correlation among both flow-connected and flow-unconnected

sites on the same network, tail-down models would appear to be more well-suited than tail-up models



for counts of fish, which can move both upstream and downstream.
The covariance structure of stream networks may also be a mixture of tail-up or tail-down. However,

the horizon of this paper is limited to pure tail-up or pure tail-down models.

1.2 Torgegram Components

Very recently, Zimmerman and Ver Hoef (2017) introduced a graphical tool for informal variography on
stream networks called the Torgegram, which is an assemblage of three empirical semivariograms, each
one relevant to a particular combination of flow-connectedness and model type (tail-up/tail-down).

Each of these is now described further.

1.2.1 The Flow-Unconnected Stream-Distance (FUSD) Semivariogram

As its name suggests, this empirical semivariogram is computed from only those site-pairs that are
flow-unconnected and, for such pairs, is a function of total stream distance only. It is defined formally

as
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IN (Uy) [V (s:) = Y ()2, for k=1,2, ..., Ky,

(Si,tj)euk

Yrusp(hi) =

where Uy, = {(s;,t;) : d(si,t;) € H, UiNU; = 0} is a partition of the total stream distances into bins,
hy is a representative distance within Uy, N (Uy) is the number of distinct site-pairs in Uy, and Ky
is the number of stream-distance bins for those site-pairs. If Y(-) is pure tail-up, then Ypysp(:) is
unbiased (apart from a “blurring” effect due to binning similar but unequal stream distances) for the
flow-unconnected portion of its semivariogram, which in this case is “flat,” i.e., a constant function.
On the other hand, if Y(-) is pure tail-down or a mixture of tail-up and tail-down, then the flow-
unconnected portion of its semivariogram may be a function not of total stream distance but of the
two stream distances from sites within a site-pair to their common junction, in which case Ypysp(-)
may not be fully relevant, i.e., what it intends to estimate doesn’t exist. An exception occurs if the
tail-down component has an exponential semivariogram; in this case the flow-unconnected portion of
its semivariogram is a function of total stream distance only, hence Ypysp(-) remains unbiased for it

(apart from blurring).



1.2.2 The Flow-Unconnected Distances-to-Common-Junction (FUDJ) Semivariogram

The second component semivariogram of the Torgegram, like the first, is computed using only those
site-pairs that are flow-unconnected, but it is not a function of total stream distance. Rather, it is a
function of the two stream distances from each site in the pair to their common junction. Let {Jj : k =
1,2, ..., K7} be the bins of a partition of the stream distances to common junction that occur among the
flow-unconnected site-pairs, let N (Jg, J;) be the number of such site-pairs for which one site’s distance
to common junction lies in J; and the other’s lies in J;, and let j; be a representative distance
within J;. Without loss of generality, assume that jr < j;. Then we define the flow-unconnected
distances-to-common-junction empirical semivariogram as
Yru D (Jis Ji) = W Z [V(si)) = Y(t)?, for k<l=1,2,... K7,
$i€Tnrt; €T,

Regardless of whether Y'(+) is pure tail-down, pure tail-up, or a mixture thereof, ¥pyps(-,-) is unbiased
(apart from blurring) for the flow-unconnected portion of its semivariogram. This is its advantage over
Yrusp(+), which (as noted previously) is not fully relevant unless Y(+) is pure tail-up or its tail-down
component has an exponential semivariogram. Note, however, that Ypyps(+,-) is a function of two

distances rather than one.

1.2.3 The Flow-Connected Stream-Distance (FCSD) Semivariogram

The FCSD empirical semivariogram is based on stream distance only but differs from the FUSD
empirical semivariogram by being computed from site-pairs that are flow-connected rather than flow-

unconnected. Thus it is defined as

1
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where Ci, = {(si,t;) : d(si,t5) € H, UiNUj # O}, hy, is a representative distance within C, N (Cy) is the
number of distinct site-pairs in Cj, and K¢ is the number of stream-distance bins for those site-pairs. If
Y'(+) is pure tail-down, then ¥pcsp(+) is unbiased (apart from blurring) for the flow-connected portion
of its semivariogram. If, however, Y (-) is pure tail-up or a tail-up/tail-down mixture, Ypcsp(-) is

not fully relevant because in those cases the flow-connected semivariogram is a function of not merely



stream distance, but of stream distance and the spatial weights.

The remaining sections of this report are arranged as follows: Section 2 exhibits the construction of
T}7 under a regular rooted binary tree network with ¢ sites per segment and m-(2m+1/q)-dependence
and presents simulation results to show the nice behaviors when number of levels of stream network
increases. Section 3 extends the test to data generated by absolutely summable covariance functions.
For conciseness of the manuscript, proofs of all theorems in subsequent sections are elaborated in an

appendix.

2 Testing Tail-Down Model under m-(2m+1/q)-Dependence

2.1 Methodology of Test for Tail-Down Model

Let {Z;; i€ A,j =1,2,...,q} be a Gaussian random field on a regular rooted binary tree stream
network, which contains segments of unit length and ¢ data points per segment. {Z;;} is second-order
stationary in the network. A is defined as the collection of segment indices, which is indexed in the
fashion shown in Figure 2, while j is the index of points on the same segment, with smaller number
closer to the outlet. Any adjacent points are 1/q units away. The number of levels of stream network,
denoted as I, is defined as the distance between the lower end of the most downstream segment and

the upper end of the most upstream segment. It can be shown that s, = logy(|A| + 1).

Flow

Figure 2: Stream network structure of regular rooted binary tree with ¢ = 3

Assume that {Z;;} is second-order stationary on the network, and marginally Z;; ~ N(u,o?).

Denote operations aVb = max{a, b} and aAb = min{a, b}. Assume that {Z;;} has tail-down covariance



functions, which are specified in Section 1.1, as

Cte(h) if segment ¢ and s are flow-connected,
C(Zij, Zst) =

Ctu(a ANb,aVb) if segment i and s are flow-unconnected,

where h = d(Zij, Zst) is the stream distance between Z;j and Zg, and a, b are the distances-to-common-

junction of Z;; and Zg. Moreover, C.(0) = Cf,(0,0) = o,

Definition 2.1.1. Let {Z;; : i € A,j = 1,2...,q} be a second-order stationary Gaussian random field
on a reqular rooted binary tree stream network, with the network and covariance functions as previously
specified. Then, {Z;;} is said to have m-(2m+1/q)-dependent tail-down (covariance) functions if there

exists m € {x/q: x € Ny} such that

Cre(x) >0 if0 <2 <m,
Crel) =0 if o >m+1/q

Cruly,z) >0 if0<y<z<m,

Cru(y,2) =0 if0<y<zandz>m+1/q.
\

By Definition 2.1.1, if {Z;;} has m-(2m+1/q)-dependent tail-down covariance functions, the covari-
ance vanishes beyond at most m units (mgq sites) for flow-connected pairs and 2m+1/q units (2mq+ 1

sites) for flow-unconnected pairs. Define the set of adjacent flow-connected segment pairs as
B ={(i,s) :i < s, segment ¢ and s are adjacent and flow-connected}.
By aforementioned segment numbering scheme, it can be shown that
B={(i,s):s=2iors=2i+1,i€ A,s € A}, and |B| = |A| — 1.

Section 1.2 has introduced empirical FCSD and FUDJ semivariograms. Here we define the theoretical

semivariograms in this network and treat empirical semivariograms as method of moment estimates of



theoretical ones. The theoretical FCSD semivariogram is defined as
1
Ye(h) = 5 Var (Zij — Zy) = Cye(0) = Cre(h) = 0% — Cyc(h),

where Z;; and Zg are arbitrary flow-connected sites such that d(Z;;, Zs) = h. Similarly, the theoretical

FUDJ semivariogram is defined as

1
Yu (@NbyaVb) = EVar (Zij — Zst)

= Cy(0,0) — Cpu(a Ab,aVb) = 0* — Cry(aNb,aVb),

where Z;; and Zg are arbitrary flow-unconnected sites such that their distances-to-common-junction
are a and b. Similar to FCSD subsemivariograms introduced in Section 2.1, two versions of theoretical

FCSD subsemivariograms (p = 0,1) at h = 1/q are defined as

1
Type-0: v(1/q) = §Var (Zij — Zi(j+1)) , forany i € Aand j € {1,2,...,q — 1},

1
Type-1: v1(1/q) = §Var (Zig — Zs1), for any (i,s) € B.

Under the pure tail-down dependence setting, vo(1/q) = v1(1/q) = 0% — Cf.(1/q), since C(-) is solely
a function of stream distance and doesn’t involve spatial weights. Hence, a test can be constructed
to evaluate the estimate of vy(1/q) — 71(1/¢q). FCSD Type-0 and Type-1 subsemivariograms in this

network can be specified as

|Al g—1

Toll/q) = 2(q—11)\Ay o> (% Zigi)” (2)
i=1 j=1
31(1/q) = 2’13| S (Zig— Za)?
(i,8)€B
| a4y 2 2
=1

Assume that {Z;;} has m-(2m+1/q)-dependent tail-down covariance functions on this network. Define

Yo(1/q) Y0(1/q)
71(1/q) 71(1/q)

1)
1

1=
I



Assume that, as the number of stream levels l;, approaches infinity, the limiting distribution of
\/W (¥ — 7) is multivariate normal with mean 0 and some covariance X, which will be proved in
subsequent subsections. Define the elements of 3, i.e., the asymptotic variances (and covariances) of
FCSD subsemivariograms, as (with superscript m for m-(2m+1/q)-dependence)

ofi = lim [A[Var[3(1/q)],

lsn—00

0%y = lim |A[Var[51(1/q)],

lsn—r00

oty = Tim_|A|Cov[3o(1/),7:(1/q)]

lsn

and o7}, o4, o5 their consistent estimators as s, — 0o. Let

7 - Alo(1/g) - n(/9f
o} + 055 — 2075
When {Z;;} has an m-(2m+1/q)-dependent tail-down model, the null hypothesis Hy : y0(1/q) =
v1(1/q) is true. Then, by the Slutsky’s Theorem,
2
{VIATG(1/a) = %(/a)] = VIAIF(1/9) - (/)]

" = L2 as Iy, — 00
td ~m ~m ~m X1 sn .
o711 + 055 — 2075

Hence when T} > X3, reject Ho : y0(1/q) = 7(1/q), i.e., reject that {Z;;} has the covariance

structure of an m-(2m+1/q)-dependent tail-down model.

2.2 Asymptotic Variances and Covariances

Theorem 2.2.1. Let {Z;j : 1 € A,j =1,2,...,q} be a second-order stationary Gaussian random field
on a reqular rooted binary tree stream network, with the stream network and covariance functions as
previously defined. Then
ot = lim [A[Var [5o(1/9)]
1 2 q— 2 2 (q — 3) \VAI) 2
= 27v0(1 + 27v0(1 —vYe(2 + = 1 — 27.(2 + 7:(3
st 20/ + A 21001/0) ~ 362/l + S ho(1/0) — 21e(2/a) +9¢(3/a)]

(gm+1)A(q—2)

bemr 2 k=Dl = 1/d) - 2elk/) +yellk + D/l

k=3

(1 (1/q) — 2ve(2/q) +7e(3/q))?

Lo
(g—1)2



b Sl 1= =0V (g = D)l — D/d) — 20e(t/a) + e[+ D/l
=3
[m]  q(k+1)—2 9
bt 2 la- 1= (= ak)v gk = {5l - D/a) - 20e0/a) + e+ D/l
k=2 l=q(k—1)+2
Lm) q(k+1)—2
0 P2 27 3 {l2u /20 (2ut 1/20] = 290+ 1)/20, (u+-3)/24

u=qk

T yul(2u +8)/20, (2u +3)/2q]}

Lm] q<k+1>72 u—1
P {ulo+ 1)/20, (2u+ 1)/24) - ul(20+ 3)/24, (2u + 1)/2q]
u=qk+1 v=qk

— 7ul(20 4+ 1)/24, (20 + 3)/20] + 7[(20 + 3)/20, (20 + 3)/2q] }

1 m] k—1  q(k+1)—2q(l+1)—2
D DD ILID DD {ral(20 +1)/24, (20 +1)/2q] = [0 + 3)/2q, 2u +1)/24]
k=1 1=0

u=qk v=ql

— al(20+1)/2q, (2u+ 3)/24] + 7l(20 + 3)/2q, (2u+3)/24] }

Proof. See Appendix A.1.1. O

Theorem 2.2.2. Let {Z;; :i € A,j =1,2,...,q} be a second-order stationary Gaussian random field

on a reqular rooted binary tree stream network, with the stream network and covariance functions as

previously defined. Then

095 =, lim |A[Var [71(1/q)]
:% 2m(1/q)) + % [2v(1/q) — vu(1/2¢,1/2¢)]> +T{q = 2} - 1{ lm+1/q] > 1} 0(1/q) — 27e(2/9) + 1e(3/9))

+Hg 23} 1{Im+1/q) 2 1} - el = 1/g) = 29:(1) +7(1 + 1/g)]?

Lm+1/q]
+ Z (k= 1/q) = 27e(k) +7e(k +1/q)]
Lm+1/qJ
- Z —Ye(k +1/q) — vu(1/2g, k — 1/2q) + 7u(1/2¢, k + 1/29)]?
Lm+1/qJ
+ Z Mk = 1/2¢,k — 1/2q) — 27u(k — 1/2,k + 1/2q) + vu(k + 1/2q,k + 1/29))°
Lm+1/rJJ k—
+ > Z 2 [yu(l = 1/2q,k — 1/29) — v (l + 1/2g,k — 1/2q)
k=2 =1
—u(l = 1/2q,k +1/2q) + (L + 1/2q,k + 1/29)]”.
Proof. See Appendix A.1.2. O

Theorem 2.2.3. Let {Z;; :i € A,j =1,2,...,q} be a second-order stationary Gaussian random field

on a regular rooted binary tree stream metwork, with the stream network and covariance functions as

10



previously defined. Then

oty = lim |A|Cov[Yo(1/q),71(1/q)]

=2 - r ho(1/9) +7(1/9) = 7(2/9)] + g 2 3} - - - 7 10(1/9) = 29e(2/a) + 7 (3/9))?

q—1

+ 2 3 {el = 1)/a] = 2et/a) + e [0+ D/l )

-1i=

[m] q(k+1)—1

+72 > { l—l/q}—2%(l/q)+%[(l+1)/q}}2

k=1 I=qk+1

* ﬁ) by (1/0) = 7e(2/a) = 7(1/20,1/20) + 7 (1/24,3/20))?

+1{q>3}- [ve(2/9) — 7e(3/a) — vu(1/24,3/2q) + vu(1/24,5/2q))

(q 1)
q—l Z{’v (I +1)/q] — %[(l+2)/q}—vu[1/2q,(2l+1)/2(1}+%[1/2q,(2l+3)/2q]}2

m] q(k+1)—2

e T 3 el 1/a) = 0el+ 2)/a] = 124, (214 1/20) + 2l /2, (21 +3)/2q]}
[m] k—1 qk—2
LSS ST {al(@lg - 1)/24, (2u+ 1)/20] — 72l +1)/24, (2u+1)/24]
k 2 1=1 u=q(k—1)

—vu[(2lg — 1)/2q, (2u + 3)/2q] + vu[(2lg + 1) /2q, (2u + 3)/261]}2

[m] 1 qk—2

P LTS ST Lal2ut 1)/24, (21g - 1)/20) — (2 + 1)/20, (21 + 1)/2]
=1 k=1 u=q(k—1)
= Yul(2u +3)/2q, (2lg — 1)/2q] + 7u[(2u + 3) /24, (2l + 1)/2q]}2-
Proof. See Appendix A.1.3. O

2.3 Asymptotic Normality

Theorem 2.3.1. Let {Z;j: i € A,j =1,2,...,q} be a second-order stationary Gaussian random field
on a reqular rooted binary tree stream network, with the stream network and covariance functions as

previously defined. Then the random vector

Yo(1/q) —v0(1/q) 4 N0,
M(1/q) —n1(1/q)

V4|

11



as lg, — 0o, with

o | ot o
o1y 0%
and the elements as specified in Theorem 2.2.1 — 2.2.3.
Proof. See Appendix A.2. O

2.4 Consistency of s

Theorem 2.4.1. Let {Z;;: i € A,j =1,2,...,q} be a second-order stationary Gaussian random field

on a regular rooted binary tree stream metwork, with the stream network and covariance functions as

previously defined. Let

31} =g 210 + (qq_‘f’)Q 250(1/q) - 3.2/a)]” + % Fo(1/a) — 23:(2/q) +7e(3/0))?
(gm-+1)A(g—2)

+— S (k= D{RIK - 1)/d - Belk/a) + Ak +1)/q]}

(q—1)? P

(q
t _1 12 ; lg (-q)Vvig— l)]{%[(l —1)/q] = 29:(l/q) +7:[(l + 1)/61]}

fml qCht1)— ,
q71 DD [q—l—(l—qk)\/(qk—l)}{%[(l—l)/q]—ﬁc(l/Q)Jﬂc[(Hl)/q}}

k=2 l=q(k—1)42

lm)  a(k+1)-2
q—1 Z 2 Y {%[(2U+1)/2q7 (2u+1)/2q] = 27 [(2u + 1) /29, (2u + 3)/24]

+7ul(2u + 8)/2q, (2 +3)/2q]}
[m] q(k+1)—2 y—1
R Z 23> {Rul@o+1)/20, (2u+ 1)/20) - 720 + 3)/24, (2u + 1)/24]
u=qk+1 v=qk

Ful(20 -+ 1)/20, (20 + 3)/24) + Aul(20 + 8)/20, (20 + 3)/24) )

1 lm]) k—1  q(k+1)—2q(l+1)—2
* 2 > {%[(21) +1)/2q, (2u +1)/2q] — Fu[(20 + 3)/2q, (2u + 1)/2q]

u=qk v=ql

~Ful(20+1)/24, (2u + 3)/24) + Ful(20 + 3) /20, (2u + 3)/24)}

12



T35 7; 2%:(1/9)]” + 5 [271(1/@ Fu(1/2¢,1/29)1> + H{q = 2} - [o(1/q) — 29:(2/9) +7c(3/9))?
LM+1/qJ
+I{q2 3} ’ [/'96(1_1/‘]) _2/’)7c(1)+;Y\C(1+1/q Z ”Yc(k_l/q _27c(k)+76(k+1/Q)]2

[m+1/q]
+ Z Fe(k) = Fe(k +1/q) — Fu(1/2q, k — 1/2q) +Fu(1/2¢,k + 1/29))?

LM+1/<1J
+ Z —1/2q,k — 1/2q) — 29 (k — 1/2q, k + 1/2q) + Fu(k + 1/2q, k + 1/2¢)]?

|_m+1/qj k—1

+ Z 22 [Full = 1/2q,k — 1/2q) — Fu(l + 1/2q,k — 1/2q)

—Fu(l = 1/2¢, k +1/2¢) +Fu(l + 1/2q,k + 1/29)]*,

e :q% Fo(1/a) +31(1/a) = 5e(2/0)]* + Ha = 3} - —= Fo(1/a) — 25:(2/0) + 3(3/a)]

ST 2 (510~ 1)/d) — 23et/0) + 7 [0+ 1)/q] }

[m] q(k+1)—-1 )
q—1 Z > { [0 =1)/q] = 27:(1/q) + Ae [(l+1)/q}}
k=1 l=qk+1
+ ﬁ 1 (1/q) —7c(2/q) —Fu(1/2q9,1/2q) +7u(1/2q, 3/2(])]2

+T{g >3} ﬁ Fe(2/9) — 3e(3/a) — Fu(1/20,3/20) + Fu (1/24, 5/29)

+ ﬁ_l) i [Rel(t+ 1)/a) = 3ol +2)/a] = Full /24, (21 +1)/24) + Fu[1/24, (20 + 3)/24] }

LmJ a(k+1)-2 ?
q—1 72 Y el /a5l + 2 a) = Al /24, 20+ 1)/2] +Ful1/20, 2+ 3)/2a] |
k=1 I=qk

[m] k—1 qk—2

Z T {%[(zzq —1)/2q, (2u +1)/2q) — Fu[(2lq + 1)/2q, (2u + 1)/2q]

== u=q(k—1)

= Jul(2lg — 1)/2q, (2u + 3)/2q) +Fu[(2lq + 1)/2q, (2u + 3)/2q]}2

[m] 1 qk—2

Z EDY {% [(2u 4 1)/2q, (2lg — 1)/2q] — Fu[(2u + 1) /2q, (2lq + 1) /2q]

1=1 k=1 u=q(k—1)

~ Ful(2u+3)/20, (21q — 1)/2q) +3u[(2u + 3) /20, (20 + 1)/24] }

where A.(h) and 7, (a, b) are regular method of moment estimators of FCSD and FUDJ semivariograms
with different lags or distances to common junctions. Then 672 5 o, 57 B ot and 655 5 o} as

lsp — 00.

~ d ~ d
Proof. From Theorem 2.3.1, /4] Fo(1/9) — 70(1/a)] 5 N(0,o7%) and /A [51(1/g) — 71 (1/q)]
N(0,0%) as Iy, — co. Hence, J0(1/q) —v0(1/q) 2 0 and 51(1/q) — 1(1/q) 2 0 as Iy, — oo. If it can
be shown that 7.(h) and 7,(a, b) are consistent estimators of 7.(h) and ~,(a,b), as ls, — oo, then 777},

o1y and 043 would be consistent estimators of the corresponding elements of X™ by the Continuous
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Mapping Theorem.
The proof of the consistency of 7.(1) is elaborated here, and the consistency of 7.(h) and 7,(a, b)

with arbitrary lags can be proved in similar fashion. The estimator of v.(1) is

1 (1Al=1)/2 ¢

:Y\C(l) ‘A| — 1 Z Z [ )2 + (Zij - Z(21'+1)j)2} :
=1 =

Define G; = Z [( ij Z(Qi)j)2 + (Zz-j — Z(2i+1)j)2]. Since 7.(1) is a method of moments estimator,
it is unbiased for v.(1). Since {Z;;} is m-(2m+1/q)-dependent, for for every fixed ¢ the number of non-
zero Cov(Gj, Gy) is finite and bounded by a common integer. Define this upper bound as Ng. Since
E (Z;lj) < oo for a normal distribution, by the Cauchy-Schwarz Inequality, for every i, Var (G;) < M
for some large M. Thus, again by the Cauchy-Schwarz Inequality and the limited range of dependence
of {Gi}, for fixed 1,

(1A-1)/2
S Cov(Gi,Gy) < No EVar (G) + %Var (Gl)} < Ng (;M + ;M> ~ MNg.
s=1

Thus, as g, — 0o, which implies that |A| — oo,

(1A[=1)/2 (|A]-1)/2

. 1
Var [7.(1)] = A =12 g E Cov (G4, Gs)
(\Al—l)/2
1 MN¢g
§ MN, -0,
(jA[-1)2 = ¢804 - 1)

which implies lim;,, o, Var [5.(1)] = 0. Recall that 7.(1) is unbiased of v.(1), then for any fixed ¢ > 0,

_ . Var (1
Ye(1) — %(1)‘ > e] < lim sup arg()] o,

lsn—00

limsup P [

lspn—00

ie., Je(1) — v(1) B 0 as Iy, — oo. As aforementioned, the consistency of 7.(h) and J,(a,b) with

arbitrary fixed lags can be proved in a similar fashion. This completes the proof. O
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2.5 Simulation

A simulation study was conducted to evaluate the test of tail-down covariance structure using 7} in
Section 2.1. Six models are used to generate stream network data. For simplicity of expression, the
abbreviations TU and TD stand for “tail-up” and “tail-down”, respectively. The covariance functions

of the six models are:

1. Pure TD Linear with Sill Model (TD Lin.)

Assume b > a > 0,

0,(1 —h/0,)I(h/6, <1) flow connected,
Ctd(h, a, b) =

0,(1 —0/6,)I(b/, < 1) flow unconnected.

2. Pure TD Spherical Model (TD Sph.)

Assume b > a > 0,

0,(1 — 3h/20, + h3/202)1(h/0,. < 1) flow connected,
Ctd(h, a, b) =

0,(1 —3a/20, +b/20,)(1 — b/6,)2I1(b/6, < 1) flow unconnected.

3. Pure TD Exponential Model (TD Exp.)

0, exp{—h/0,} flow connected,
Cta(h,a,b) =

0, exp{—(a+b)/6,} flow unconnected.

4. Pure TU Exponential Model (TU Exp.)

mij - Oy exp{—h/6,} flow connected,
Cu[h = d(Zis, Zj1)) =

0 flow unconnected.
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5. Pure TU Linear with Sill Model (TU Lin.)

mij - 0u(1 — h/0,)I(h/0, < 1) flow connected,
Ctu [h = d(Zisa th)] =

0 flow unconnected.

6. Pure TU Spherical Model (TU Sph.)

ij - 0u(1 — 3h/20, + h3/202)I(h/6, < 1) flow connected,
Ctu [h = d(ZiS7 th)] =

0 flow unconnected.

6, = 1 for all six models. For comparable 7(1/¢q) across six models, 6, are chosen at different
levels such that the range parameter of TD linear with sill model, 6, 1, vary among (1.0,1.5,2.0,2.5).
The number of points per segment, g, is chosen from (2, 3,4). Since m is a function of ¢, 0, 1, is used
as benchmark of spatial dependence across different value of ¢ in this simulation. Hence, the range
parameters are fixed at different levels of ¢ and m is chosen based on ¢ and 0, ,. It can be shown
that m = [¢0, in — 1]/q. The table that tabulates range parameters as well as values of m by ¢ and

Oy Lin is shown below.

m=1/2 m=1 m=3/2 m=2
Or

TD Lin. & TU Lin. | 1.0000 1.5000 2.0000 2.5000

¢=2 | TD Exp. & TU Exp. | 0.7213 12332  1.7380  2.2407

TD Sph. & TU Sph. | 1.4397 2.2117 2.9719 3.7276

m=2/3 m=4/3 m=5/3 m=7/3
Or

TD Lin. & TU Lin. | 1.0000 1.5000 2.0000 2.5000

q=3|TD Exp. & TU Exp. | 0.8221 1.3264 1.8283 2.3294

TD Sph. & TU Sph. 1.4744 2.2334 2.9876 3.7401

m=3/4 m=5/4 m=7/4 m=09/4
Or

TD Lin. & TU Lin. 1.0000 1.5000 2.0000 2.5000

g=4| TD Exp. & TU Exp. | 0.8690  1.3712  1.8722  2.3728

TD Sph. & TU Sph. 1.4858 2.2407 2.9930 3.7444

Model

Model

Model

The TD linear with sill model satisfies both m-(2m+1/q)-dependence and tail-down covariance
structure, thus the rejection rates under this model serve as empirical sizes. The test for tail-down

model is intended to test against TU models, thus the rejection rates under three T'U models serve as
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empirical powers.

Cre(n)
04 06 08 1.0
L L

0.2
I

00
1

—— TD Lin. (theta_r=1)
--= TD Exp. (theta_r=0.7213)
"""" TD Sph. (theta_r=1.4397)

00

Figure 3: Cf.(h) vs. h for three TD models with chosen 6,’s under ¢ = 2 and m = 0.5

The TD exponential model violates m-(2m+1/q)-dependence assumption because the covariance
only vanishes when lag becomes infinity. The TD spherical model has finite range, but due to 6, chosen
based on different m, its spatial dependence is slightly stronger than m-(2m+1/q)-dependence. Figure
3 shows the plot of Cf,. for three TD models with ¢ = 2 and m = 0.5. For the TD linear with sill
model, Ct. vanishes at lag m + 0.5 = 1. For the TD exponential model, C¢.(h) > 0 for any h > 0.
For the TD spherical model, Cy. vanishes at lag 1.4397 > m + 0.5 = 1. Hence, these two TD models
violate m-(2m+1/q)-dependence assumption to different extents. The rejection rates under these two
TD models would reflect how robust this test is to violation of m-(2m-+1/q)-dependence assumption.

Data are generated along stream networks as specified in Section 2.1, with the number of stream
levels g, ranging from 3 to 8. The sample sizes at each level of 4, are listed in Table 1. The rejection

rates with § = 1,000 simulation replicate under each scenario are tabulated in Table 2 — 4.

According to Theorem 2.4.1, $™ is a function of m, which characterizes the spatial dependence.

05

# of Stream Network Levels
3 4 5 6 7 8

=W N R

14 30 62 126 254 510
21 45 93 189 381 765
28 60 124 252 508 1,020

Table 1: Sample sizes by # of stream network levels and ¢

17




However, in practice, m is an unknown quantity similar to sill and range parameters. Thus, the test

is conducted as follows:

Step 1. Define H = {h : FC lags within the given stream network}. Subset H and define the subset
H*={h:h € H and h < 0.5 max (H) }.

Step 2. Define the threshold thd as the 80th percentile of {7.(h) : h € H*}.
Step 3. The estimate of 6,, 6y, is defined as min{h : 7.(h) > thd and h € H*}.
Step 4. The estimate of m, M, equal to max(|6, — 1/q],1/q).

Step 5. Compute 777 with m in (4) replaced by 7, then compare T} with X%,0.0S'
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# of Stream Network Levels

Model m 0, Y(1/q) 3 4 5 6 7 3
size TD Lin. | 1/2 1.000 0.500 | 0.003 0.014 0.021 0.031 0.035 0.051
TD Sph. | 1/2  1.440  0.500 | 0.011 0.015 0.028 0.038 0.035 0.036
TD Exp. | 1/2 0.721  0.500 | 0.009 0.017 0.016 0.038 0.039 0.047
TU Exp. | 1/2 0.721  0.500 | 0.008 0.015 0.058 0.116 0.310 0.593
power TU Lin. | 1/2 1.000 0.500 | 0.010 0.013 0.028 0.106 0.246 0.449
TU Sph. | 1/2 1.440 0.500 | 0.014 0.022 0.052 0.114 0.251 0.515
of Stream Network Levels
Model m 0, Y(1/q) 3 #4 5 6 . 3
size TD Lin. | 2/2 1.500 0.333 | 0.008 0.039 0.047 0.045 0.043 0.040
TD Sph. | 2/2 2212 0.333 | 0.007 0.024 0.037 0.044 0.042 0.053
TD Exp. | 2/2 1.233 0.333 | 0.013 0.021 0.028 0.033 0.025 0.036
TU Exp. | 2/2 1.233 0.333 | 0.016 0.035 0.132 0.362 0.723 0.952
power TU Lin. | 2/2 1.500 0.333 | 0.011 0.039 0.149 0.439 0.762 0.979
TU Sph. | 2/2 2212 0.333 | 0.009 0.049 0.123 0.383 0.702 0.962
# of Stream Network Levels
Model m 0, Y(1/q) 3 4 5 6 7 3
size TD Lin. | 3/2 2.000 0.250 0.027 0.038 0.056 0.067 0.071
TD Sph. | 3/2 2972  0.250 0.018 0.026 0.043 0.039 0.042
TD Exp. | 3/2 1.738  0.250 0.020 0.023 0.038 0.025 0.031
TU Exp. | 3/2 1.738  0.250 0.043 0.202 0.562 0.923 1.000
power TU Lin. | 3/2 2.000 0.250 0.067 0.280 0.562 0.919 0.997
TU Sph. | 3/2 2972  0.250 0.053 0.237 0.556 0.918 0.998
# of Stream Network Levels
Model m 0, Y(1/q) 3 A 5 6 7 3
size TD Lin. | 4/2 2.500 0.200 0.025 0.022 0.048 0.043 0.042
TD Sph. | 4/2 3.728  0.200 0.019 0.027 0.033 0.033 0.039
TD Exp. | 4/2 2.241  0.200 0.019 0.027 0.039 0.035 0.034
TU Exp. | 4/2 2.241  0.200 0.063 0.332 0.699 0.983 1.000
power TU Lin. | 4/2 2.500 0.200 0.084 0.350 0.705 0.987 1.000
TU Sph. | 4/2 3.728  0.200 0.057 0.349 0.715 0.972 1.000

Table 2: Simulation Results of Test for Tail-Down with ¢ = 2 and S = 1, 000
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# of Stream Network Levels

Model m 0, Y(1/q) 3 4 5 6 7 3
size TD Lin. | 2/3 1.000 0.333 | 0.046 0.058 0.056 0.052 0.058 0.073
TD Sph. | 2/3 1.474 0.333 | 0.028 0.054 0.042 0.037 0.052 0.054
TD Exp. | 2/3 0.822 0.333 | 0.041 0.041 0.031 0.042 0.035 0.033
TU Exp. | 2/3 0.822 0.333 | 0.046 0.070 0.187 0.443 0.812 0.983
power TU Lin. | 2/3 1.000 0.333 | 0.053 0.078 0.191 0.487 0.770 0.981
TU Sph. | 2/3 1.474 0.333 | 0.049 0.069 0.182 0.453 0.819 0.993
of Stream Network Levels
Model m 0, Y(1/q) 3 #4 5 6 . 3
size TD Lin. | 4/3 1.500 0.222 0.047 0.054 0.055 0.052 0.043
TD Sph. | 4/3 2.233  0.222 0.038 0.048 0.034 0.040 0.039
TD Exp. | 4/3 1326  0.222 0.039 0.031 0.027 0.035 0.030
TU Exp. | 4/3 1.326  0.222 0.098 0.345 0.754 0.981 0.999
power TU Lin. | 4/3 1.500 0.222 0.092 0.367 0.768 0.985 1.000
TU Sph. | 4/3 2.233  0.222 0.101 0.375 0.757 0.983 1.000
of Stream Network Levels
Model m 0, Y(1/q) 3 #4 5 6 7 3
size TD Lin. | 5/3 2.000 0.167 0.037 0.075 0.069 0.066 0.071
TD Sph. | 5/3 2.988  0.167 0.042 0.048 0.027 0.028 0.026
TD Exp. | 5/3 1.828  0.167 0.042 0.024 0.035 0.024 0.033
TU Exp. | 5/3 1.828  0.167 0.132 0.499 0.864 0.998 1.000
power TU Lin. |5/3 2.000 0.167 0.130 0.520 0.884 0.999 1.000
TU Sph. | 5/3 2.988  0.167 0.121 0.509 0.869 0.995 1.000
# of Stream Network Levels
Model m 0, Y(1/q) 3 A 5 6 7 3
size TD Lin. | 7/3 2500 0.133 0.069 0.036 0.036 0.049
TD Sph. | 7/3 3.740  0.133 0.047 0.026 0.026 0.023
TD Exp. | 7/3 2.329 0.133 0.044 0.027 0.027 0.031
TU Exp. | 7/3 2329  0.133 0.616 0.913 1.000 1.000
power TU Lin. | 7/3 2500 0.133 0.609 0.917 1.000 1.000
TU Sph. | 7/3 3.740 0.133 0.598 0.913 1.000 1.000

Table 3: Simulation Results of Test for Tail-Down with ¢ = 3 and S = 1,000
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# of Stream Network Levels

Model m 0, Y(1/q) 3 4 5 6 7 3
size TD Lin. | 3/4 1.000 0.250 | 0.045 0.090 0.079 0.057 0.069 0.058
TD Sph. | 3/4 1.486  0.250 | 0.032 0.062 0.042 0.044 0.039 0.036
TD Exp. | 3/4 0.869 0.250 | 0.030 0.061 0.066 0.035 0.031 0.042
TU Exp. | 3/4 0.869 0.250 | 0.032 0.083 0.322 0.689 0.981 0.999
power TU Lin. | 3/4 1.000 0.250 | 0.046 0.112 0.353 0.737 0.978 1.000
TU Sph. | 3/4 1.486  0.250 | 0.044 0.092 0.319 0.717 0.983 0.999
of Stream Network Levels
Model m 0, Y(1/q) 3 #4 5 6 . 3
size TD Lin. | 5/4 1.500 0.167 0.042 0.062 0.045 0.044 0.041
TD Sph. | 5/4 2.241  0.167 0.033 0.048 0.042 0.028 0.025
TD Exp. | 5/4 1.371  0.167 0.037 0.044 0.029 0.023 0.031
TU Exp. | 5/4 1.371  0.167 0.120 0.518 0.897 1.000 1.000
power TU Lin. | 5/4 1.500  0.167 0.148 0.523 0.922 0.998 1.000
TU Sph. | 5/4 2.241  0.167 0.133 0.541 0.910 1.000 1.000
of Stream Network Levels
Model m 0, Y(1/q) 3 #4 5 6 7 3
size TD Lin. | 7/4 2.000 0.125 0.053 0.084 0.077 0.067 0.061
TD Sph. | 7/4 2.993  0.125 0.022 0.047 0.023 0.016 0.022
TD Exp. | 7/4 1.872  0.125 0.047 0.051 0.027 0.029 0.018
TU Exp. | 7/4 1.872  0.125 0.161 0.653 0.940 1.000 1.000
power TU Lin. | 7/4 2.000 0.125 0.184 0.638 0.960 1.000 1.000
TU Sph. | 7/4 2993  0.125 0.175 0.641 0.933 1.000 1.000
# of Stream Network Levels
Model m 0, Y(1/q) 3 A 5 6 7 3
size TD Lin. | 9/4 2.500 0.100 0.063 0.036 0.046 0.028
TD Sph. | 9/4 3.744  0.100 0.036 0.020 0.010 0.023
TD Exp. | 9/4 2.373  0.100 0.041 0.028 0.023 0.017
TU Exp. | 9/4 2.373  0.100 0.687 0.962 1.000 1.000
power TU Lin. | 9/4 2.500 0.100 0.711 0.951 1.000 1.000
TU Sph. | 9/4 3.744  0.100 0.710 0.953 1.000 1.000

Table 4: Simulation Results of Test for Tail-Down with ¢ = 4 and S = 1,000

The results in Table 2 — 4 show that the size of the test converges to nominal level of 0.05 and the
powers for TU models are reasonably high when number of levels [ is sufficiently large. The power
tends to increase with the growing dependence in the network (larger m). Furthermore, the rejection

rates under two TD models are close to those under the TD linear with sill model, which implies fair

robustness of this test to violation of m-(2m+1/q)-dependence assumption.
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Due to the fact that the denominator of T}, o7} + 7455 — 2073, is not guaranteed to be positive, it
is possible that T}7 < 0 when sample size is small. Table 5 — 7 tabulate the proportions of T}7} < 0
under each scenario. It is seen that, when the number of levels is sufficiently large (also means large
sample size), negative T} becomes rare. However, larger m (stronger dependence) requires more levels

to achieve this.

# of Stream Network Levels

Model m 0, ~(1/q) 3 4 5 6 . 3
TD Lin. | 1/2 1.000 0.500 | 0.036 0.022 0.002 0.000 0.000 0.000
TD Sph. | 1/2 1.440 0.500 | 0.035 0.024 0.001 0.000 0.000 0.000
TD Exp. | 1/2 0.721  0.500 | 0.035 0.025 0.002 0.000 0.000 0.000
TU Exp. | 1/2 0.721  0.500 | 0.031 0.016 0.001 0.000 0.000 0.000
TU Lin. | 1/2 1.000 0.500 | 0.037 0.024 0.002 0.000 0.000 0.000
TU Sph. | 1/2 1.440  0.500 | 0.040 0.023 0.000 0.001 0.000 0.000

# of Stream Network Levels

3 4 5 6 7 8

TD Lin. | 2/2 1.500 0.333 | 0.040 0.149 0.062 0.022 0.001 0.000
TD Sph. | 2/2 2.212 0.333 | 0.061 0.061 0.013 0.005 0.000 0.000
TD Exp. | 2/2 1.233 0.333 | 0.044 0.034 0.003 0.002 0.000 0.000
TU Exp. | 2/2 1.233  0.333 | 0.036 0.022 0.001 0.000 0.000 0.000
TU Lin. | 2/2 1.500 0.333 | 0.046 0.067 0.009 0.001 0.000 0.000
TU Sph. | 2/2 2212 0.333 | 0.034 0.037 0.000 0.000 0.000 0.000

# of Stream Network Levels

Model m 0,  v(1l/q)

Model m 0,  vI(1/q)

3 4 5 6 7 8
TD Lin. | 3/2 2.000 0.250 0.077 0.023 0.005 0.000 0.000
TD Sph. | 3/2 2972  0.250 0.057 0.007 0.024 0.000 0.000
TD Exp. | 3/2 1.738  0.250 0.041 0.006 0.006 0.000 0.000
TU Exp. | 3/2 1.738  0.250 0.022 0.001 0.000 0.000 0.000
TU Lin. | 3/2 2.000 0.250 0.038 0.007 0.001 0.000 0.000
TU Sph. | 3/2 2972  0.250 0.026 0.003 0.000 0.000 0.000

# of Stream Network Levels

Model m 0, ~(1/q) 5 4 5 6 . 3
TD Lin. | 4/2 2.500 0.200 0.081 0.015 0.062 0.014 0.003
TD Sph. | 4/2 3.728  0.200 0.086 0.011 0.031 0.005 0.000
TD Exp. | 4/2 2.241  0.200 0.037 0.007 0.010 0.000 0.000
TU Exp. | 4/2 2.241  0.200 0.024 0.002 0.001 0.000 0.000
TU Lin. | 4/2 2500 0.200 0.032 0.005 0.003 0.000 0.000
TU Sph. | 4/2 3.728  0.200 0.024 0.001 0.002 0.000 0.000

Table 5: Proportion of negative 1" statistic under m-(2m+1/q)-dependence models with ¢ = 2 and
S =1,000
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# of Stream Network Levels
Model m 0,  v(1l/q) 3 4 5 6 7 3
TD Lin. | 2/3 1.000 0.333 | 0.286 0.045 0.008 0.000 0.000 0.000
TD Sph. | 2/3 1474 0.333 | 0.282 0.046 0.006 0.003 0.000 0.000
TD Exp. | 2/3 0.822 0.333 | 0.236 0.046 0.001 0.000 0.000 0.000
TU Exp. | 2/3 0.822 0.333 | 0.173 0.013 0.001 0.000 0.000 0.000
TU Lin. | 2/3 1.000 0.333 | 0.220 0.023 0.000 0.000 0.000 0.000
TU Sph. | 2/3 1474 0.333 | 0.192 0.032 0.000 0.000 0.000 0.000
# of Stream Network Levels
Model m 0, v (1/q) 3 4 5 6 . 8
TD Lin. | 4/3 1.500 0.222 0.103 0.022 0.005 0.000 0.000
TD Sph. | 4/3 2.233  0.222 0.074 0.018 0.004 0.000 0.000
TD Exp. | 4/3 1.326  0.222 0.070 0.006 0.002 0.000 0.000
TU Exp. | 4/3 1326  0.222 0.021 0.001 0.000 0.000 0.000
TU Lin. | 4/3 1500 0.222 0.022 0.002 0.000 0.000 0.000
TU Sph. | 4/3 2.233  0.222 0.022 0.000 0.000 0.000 0.000
# of Stream Network Levels
Model m 0,  vI(1/q) 3 4 5 6 . 3
TD Lin. | 5/3 2.000 0.167 0.139 0.039 0.007 0.000 0.000
TD Sph. | 5/3 2988  0.167 0.080 0.008 0.012 0.001 0.000
TD Exp. | 5/3 1.828  0.167 0.067 0.014 0.005 0.000 0.000
TU Exp. | 5/3 1.828  0.167 0.010 0.000 0.000 0.000 0.000
TU Lin. | 5/3 2.000 0.167 0.010 0.001 0.000 0.000 0.000
TU Sph. | 5/3 2.988  0.167 0.013 0.000 0.000 0.000 0.000
# of Stream Network Levels
Model m 0, ~(1/q) 3 4 5 6 7 3
TD Lin. | 7/3 2.500 0.133 0.044 0.032 0.007 0.000
TD Sph. | 7/3 3.740 0.133 0.019 0.024 0.001 0.000
TD Exp. | 7/3 2.329  0.133 0.011 0.008 0.001 0.000
TU Exp. | 7/3 2.329 0.133 0.000 0.000 0.000 0.000
TU Lin. | 7/3 2500 0.133 0.000 0.000 0.000 0.000
TU Sph. | 7/3 3.740  0.133 0.000 0.000 0.000 0.000

Table 6: Proportion of negative T' statistic under m-(2m+1/q)-dependence models with ¢ = 3 and
S =1,000
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# of Stream Network Levels
Model m 0,  v(1l/q) 3 4 5 6 7 3
TD Lin. | 3/4 1.000 0.250 | 0.235 0.052 0.009 0.000 0.001 0.000
TD Sph. | 3/4 1486 0.250 | 0.264 0.067 0.019 0.001 0.000 0.000
TD Exp. | 3/4 0.869 0.250 | 0.248 0.056 0.029 0.005 0.001 0.000
TU Exp. | 3/4 0.869 0.250 | 0.154 0.013 0.000 0.000 0.000 0.000
TU Lin. | 3/4 1.000 0.250 | 0.142 0.016 0.002 0.000 0.000 0.000
TU Sph. | 3/4 1.486 0.250 | 0.151 0.014 0.001 0.000 0.000 0.000
# of Stream Network Levels
Model m 0, v (1/q) 3 4 5 6 . 8
TD Lin. | 5/4 1.500 0.167 0.138 0.068 0.013 0.002 0.000
TD Sph. | 5/4 2.241  0.167 0.102 0.043 0.001 0.002 0.000
TD Exp. | 5/4 1.371  0.167 0.087 0.042 0.011 0.005 0.000
TU Exp. | 5/4 1.371  0.167 0.007 0.005 0.000 0.000 0.000
TU Lin. | 5/4 1.500 0.167 0.012 0.001 0.000 0.000 0.000
TU Sph. | 5/4 2.241  0.167 0.016 0.001 0.000 0.000 0.000
# of Stream Network Levels
Model m 0,  vI(1/q) 3 4 5 6 . 3
TD Lin. | 7/4 2.000 0.125 0.168 0.055 0.014 0.001 0.001
TD Sph. | 7/4 2993  0.125 0.106 0.057 0.008 0.004 0.000
TD Exp. | 7/4 1.872 0.125 0.073 0.044 0.009 0.005 0.001
TU Exp. | 7/4 1.872  0.125 0.016 0.002 0.000 0.000 0.000
TU Lin. | 7/4 2.000 0.125 0.012 0.001 0.000 0.000 0.000
TU Sph. | 7/4 2993  0.125 0.006 0.002 0.000 0.000 0.000
# of Stream Network Levels
Model m 0, ~(1/q) 3 4 5 6 7 3
TD Lin. | 9/4 2.500 0.100 0.104 0.034 0.014 0.001
TD Sph. | 9/4 3.744  0.100 0.061 0.013 0.004 0.000
TD Exp. | 9/4 2.373  0.100 0.057 0.012 0.005 0.000
TU Exp. | 9/4 2373  0.100 0.001 0.000 0.000 0.000
TU Lin. | 9/4 2.500 0.100 0.001 0.000 0.000 0.000
TU Sph. | 9/4 3.744  0.100 0.003 0.000 0.000 0.000

Table 7: Proportion of negative T' statistic under m-(2m+1/q)-dependence models with ¢ = 4 and
S =1,000

24



3 Extension to Absolutely Summable Covariance Functions

3.1 Methodology of Test for Tail-Down Model

The test constructed in Section 2 shows favorable performance under m-(2m+1/q)-dependence. The
next step is to extend this test for tail-down model to stream network data with absolutely summable

covariance functions.

Definition 3.1.1. Let {Z;; : i € A,j = 1,...,q} be a second-order stationary Gaussian random field
on a reqular rooted binary tree stream network, with the network and covariance functions as specified

in Section 2.1. Then, {Z;;} is said to have absolutely summable covariance functions if

o0 0 i
> |Crelifa)| <00, YD 2P|Cr/20+ /0. 1/20+i/q)| < .
i=0 i=0 j=0
In the same spirit of T}, a similar test statistic can be constructed and used if \/W @ — l) is
asymptotically normal, and consistent estimators of limiting variances and covariances exist. In order to
distinguish quantities under m-(2m+1/q)-dependent model from those under absolutely summable co-
variance functions, from this section, superscript m is used for quantities under m-(2m+1/q)-dependent

model. More notations are listed in Table &.

m-(2m+1/q)-Dependent  Absolutely Summable
Covariance Functions C’;Zz, C’}Z Cye, Cru
Theoretical Semivariograms YLV Ve Y05 Y15 Yes Vu
Sample Semivariograms AT A, A 30,715 Ye> Vu
Asymptotic Variance Matrix m b
Asymptotic Variances/Covariances oy, o, 055 011,012,022

Table 8: Notations of quantities under two covariance model settings

The objective of subsequent subsections is to show that the limiting distribution of \/|A]| @ — 1)
is multivariate normal with mean 0 and some covariance X. Inspired by Lu and Zimmerman (2001),

Proposition 6.3.9 of Brockwell and Davis (1991) can be used to achieve this objective.
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Proposition 6.3.9 (Brockwell and Davis 1991)
Let X, n=1,2,...and Y,;, j = 1,2,...; n =1,2,..., be random k-vectors such that

(i) Ya, LA Yj as n — oo for each j =1,2, ...,

(ii) inYasj—M)o, and

(iii) limj_o0 limsup,, o, P (| Xn — Ya;| > €) = 0 for every € > 0.
Then

d
X, > Y asn — oc.

Hence, the asymptotic normality of random vector 4/|A| @ — l) can be proved given three condi-

tions (c1)—(c3) as follows:
(c1). For any m-(2m+1/g)-dependent {Z72}, \/JA] (3™ — ™) % N(0,E™) as Ly, — oo,
(c2). ¥™ — 3 for some X as m — o0,

(€3). limy, o0 limsup; . P <\/|A|‘ F-7) -7 - ’ > e) = 0 for every € > 0.

The following subsections are arranged to first check the conditions (c1)—(c3), then prove the
asymptotic normality of \/|A] (¥ —~) in detail. Section 3.2 checks condition (c1), Section 3.3-3.4
check condition (c2), Section 3.5 checks condition (c3) and finalizes the proof of asymptotic normality.

Additionally, Section 3.6 presents consistent estimators of the elements of 3 and proves the consistency.

3.2 Asymptotic Normality under m-(2m+1/q)-Dependence

The following theorem is simply a modified version of Theorem 2.3.1 with elements as infinite sums
rather than finite ones. Additional * superscript is added to distinguish the asymptotic variances and

covariances as infinite sums from those in Section 2.2.

Theorem 3.2.1. Let {Zgl 1€ A j=1,2,....,q} be a second-order stationary Gaussian random field
on a reqular rooted binary tree stream metwork, with network and covariance function specified as in

Section 2.1. Then, under m-(2m + 1/q)-dependence, the random vector

VA (jm —lm) 4, N (0,2™) as lg, — 00,

26



with the elements of X" as

mx 1 m 2 q—2 m m o (g=3)vOo m m 2
N =501 270" (1/q)]” + (CESE 276" (1/q) — 7" (2/9)]” + TEE (o' (1/q) — 27" (2/q) + e (3/9)]

(gm+1)A(q—2)

aomE X (@R D{alk = D/a) - 29 /) + 5k + ) /a)}

k=3

.

(¢—1)°

o E Ll - 0V a0 D/ - 20 @a) T v/
1 oo q(k+1)-2

CIEY X la= 1= (=) v @k =5 - D/a) — 200 00) + 0+ D /a))

k=2 l=q(k—1)+2

W (1/q) — 29 (2/q) + 42 (3/9))°

+

co q(k+1)—2
@ f g St Ny {%’7[(% +1)/2q, (2u+ 1)/2q] — 27 [(2u + 1)/2q, (2u + 3)/2q]
k=0

u=qk

+

2
+ 72 ((2u+3)/2q, (2u+3)/24) }
%) q(k+1)—2 y—1

b2 Y 3 (e /20 u o /20— 220+ 3) 20, 2+ 1)/24
k=0

u=qk+1 v=qk

(20 4 1)/2g, (2u -+ 8)/2q] + (20 + 8) /20, (2u +3)/24]}

oo k—1 q(k+1)—2q(l41)—2
k=

* . g Y32 Y Y {hriee+1)/20, Qu+1)/2g) - 420 + 3)/24, (2u + 1)/24]

1l1l= u=qk v=ql

(20 + 1) /20, (2u+ 3)/2q] + 720+ 3)/24, (2u+3)/24]}
053" :% 27" (1/9)) + % 29" (1/9) — 7" (1/29,1/29)]* + 1{q = 2} - I{Lm +1/q] = 1} [ (1/q) — 24" (2/a) + 0" (3/9))
+ g >3} 1{m+1/q) > 1} (1= 1/q) = 297 (1) +22 (1 + 1/g)]?

+Z Ve (k= 1/q) = 292" (k) + 72" (k + 1/q)]?

8

+ > (k) = (ke + 1/q) — v (1/2q, k — 1/2q) + 7. (1/24,k + 1/29))?
k=1

8

+ Y 2 (k= 1/2q,k — 1/2q) — 27i (k — 1/2q, k + 1/2q) + " (k + 1/2¢, k + 1/29)]?
k

1

k-1

2' [yt (1 —1/2q,k — 1/2q) — 7 (1 + 1/2q,k — 1/2q)

1

gk

+

£
Il
N

l

— (= 1/2q,k + 1/2q) + 71+ 1/2¢, k + 1/29)]°,
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ol = D8 (/) + 1 (1/) = /)] + Ha 2 3} — b (1/a) = 240 (2/a) + 27" (3/)"

D Ik LAl (Y B U R (RS2 B

qflzzs

o q(k+1)—1

S S (- D/ - )+l 0+ D/al )

+ gy DA (1/0) = A 2/0) = (1/20.1/20) + 510 (1/24.3/20)]

+Hq >3} e (2/q) = 72" (3/a) — 7i (1/24,3/2q) + ' (1/24,5/2q))*

1
2(g—1)
q—2

! > {72”[(1 +1)/dl =¥l +2)/q] — v [1/2q, (20 + 1) /2] + v [1/2q, (20 + 3)/211]}2

Jr [ —
2(¢—1) =

oo q(k+1)—2

S {0 0/a A+ 2) e~ A 20, 2+ 1)/20) + 420, (204 8) /20 )

k=1 l=qk

I
2(g—1)

oo k—1 qk—2
+ L SOyt {’YT[(qu —1)/2q, (2u+1)/2q] — v [(2lg + 1)/2q, (2u + 1) /2q]
k=2 I=1 u=q(k—1)
— ' [(2lg = 1)/2q, (2u + 3)/24] + '[(2lg +1)/2q, (2u + 3)/2q]}2

qk—2

%) l
TSR ST [ 2ut 1)/20, (21g — 1)/24] — 5 [(2u+1)/24, (g +1)/24]

=1 k=1 u=q(k—1)

2+ )20, (2lg — 1)/24) + 77 [(2u -+ 3) /20, (2lg +1)/24)}

Proof. This proof is greatly based on theorems in Section 2.2 and 2.3, and it would suffice to show

that three unique elements of 3™* are equal to those in Theorem 2.2.1 — 2.2.3. o{|* equals to ¢3) in

Theorem 2.2.2 is elaborated in this proof, and o{}* and 053" parts can be verified in similar fashion.

By Theorem 2.2.2,

m m
022 — 022
oo

= > PE-1/g) -2 (k) + 0 (k+ 1/q))
k={m+1/q)+1

oo

+ > ) = (e 1) — v (120, k — 1/2q) + i (1/24, k + 1/29)]°
k=Lm+1/g]+1

oo

+ Y 2 (k= 1/2q,k — 1/29) — 290 (k — 1/2q,k + 1/2q) + vi' (k + 1/2¢, k + 1/29)]?
k=lm+1/q]+1

%) k—1
+ > D> 2 - 1/2q,k — 1/2q) — i (1 + 1/2¢,k — 1/2q)
k=|m+1/q|+1 =1

— (U 1/2q, k + 1/29) + 7 (1 +1/2¢,k + 1/29)] . (a.3.1)

By the definition of m-(2m+1/q)-dependence, when k — 1/¢ > m+1/q| +1—1/¢ > m + 1/q,
Telk—1/q) =0and 7"(k—1/q) = C7.(0) = CJ(k—1/q) = o2. Moreover, ¥ (k) = 4™ (k+0.5) = o2,

28



then

Ye'(k—1/q) — 27¢"(k) +7¢"(k+1/¢) =0

for k= |m+1/q|+1,|m+1/q]+2,... Thus the first term of (a.3.1) is zero. Similarly, by the definition
of m-(2m+1/q)-dependence, when k—1/2¢ > [m+1/q]+1-1/2¢g > m+1/q, C}, (-, k—1/2q) = 0 and
Yu'(k—=1/2q,k—1/2q) = C},(0,0) - CF (k—1/2¢,k—1/2q) = o2. Moreover, Y™ (k—1/2q,k+1/2q) =
(k4 1/2q,k +1/2q) = o, then

Yo' (b —1/2¢,k —1/2q) — 27" (k — 1/2q,k + 1/2q) + 7" (k + 1/2¢,k + 1/2¢) = 0

for k = |m+1/q] +1,[m+ 1/q| + 2,... Thus the third term of (a.3.1) is zero. A similar process
would show that other terms of (a.3.1) are also zero. Hence, 053" — 043 = 0, or 045" = 053. Recall
that of}* = o7} and o5* = 073, where o7} and o7} are from Theorem 2.2.1 and Theorem 2.2.3, can be

proved in similar fashion. This completes the proof. O

3.3 m-(2m+1/q)-Dependent Gaussian Random Field Derived from Truncated Mov-

ing Average Function on Stream Network

In order to prove the asymptotic normality of sample semivariograms on a grid with absolutely
summable covariance function, Lu and Zimmerman (2001) constructed an (mg, my)-dependent Gaus-
sian random field that converges to the base Gaussian random field. Assuming that {Z(s)} is the
base Gaussian random field on a 2-dimensional grid, a new (mg, my)-dependent Gaussian random field
{Z™(s)} can be specified such that the E[Z™(s)] = E[Z(s)] and covariances are the covariances of
{Z(s)} truncated at maximum lags of m, and m, in two dimensions.

A naive attempt to apply this strategy directly to stream network is improper because truncated
covariance functions based on valid covariance functions is not guaranteed to be valid on a stream
network. That means truncated covariance functions can yield a covariance matrix that is not positive-
definite.

Assume that {Z;; :i € A,j =1,2,...,q} is a base Gaussian random field on the stream network as

specified in Section 2.1, and the covariance functions can be derived from integrating a non-negative
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moving average function, g(x), with respect to the white noise variables along the stream (Ver Hoef and
Peterson 2010). Moreover, g(x) is unilateral, which means g(x) is zero for any x < 0 and decreasing
when z > 0. E(Z;;) = p and the covariance functions are

Cte(h) = f_h g(—z)g(—x — h) dzx flow connected,

—00

Ctd(h, a, b) =
Cty(a,b) = f:b g(—x)g(—z — (b—a)) dr flow unconnected.

[e.9]

Instead of directly truncating the covariance functions, the new m-(2m+1/q)-dependent Gaussian
random field, {ZZZ ci€ A, j=1,2,...,q}, are based on a truncated moving average function, ¢ (z).

More specifically,
9" (@) =g(z) {0 <z <m+1/q}. (5)

Then E(Z;}) = p and the covariance functions of {Z]7'} are

m C}Zé(h) = fio}; 9" (—x)g™(—x — h) dx flow connected,
Ctd (h7 a, b) =

Ct.(a,b) = f:obo g"(—x)g™(—x — (b—a)) de flow unconnected.

The following theorem establishes the pointwise convergence of C/i(h) and CF, (a,b) to Cy.(h) and

Cfu(a,b), respectively, as m — oo.

Theorem 3.3.1. Let {Z;;:i € A,j =1,2,...,q} be a second-order stationary Gaussian random field
on a regular rooted binary tree stream network, with stream network and covariance functions specified
as in Section 2.1. Assume that g(-) is the moving average function integrated over a white-noise random
process along the stream network to construct covariance functions. For arbitrary m € {x/q: x € N},
let {Z[7 11 € A, j = 1,2} be another Gaussian random field on the same steam network. Let E(Z]}) =
E(Zi;) and let the covariance functions of {ZZ‘} be derived from a truncated moving average function

g™ (+) such that

g"(x) =g(x) {0 <2z <m+1/q}.
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Define the covariance functions as (assume 0 < a <b)

Chu(h) flow connected,
1 (hsa,b) =

CY.(a;b)  flow unconnected.

Then for any fized (h,a,b) such that h = a+b > 0 and b > a > 0, as m — oo, Cfi(h) —
Cfe(h) and CF, (a,b) = Cry(a,b).

Proof. See Appendix A.3. O

3.4 Convergence of ¥™ to X

Theorem 3.4.1. Let {Z;; : 1 € A,j = 1,2, ...,q} be a second-order stationary Gaussian random field on
a reqular rooted binary tree stream network, with stream network and covariance functions specified as
in Section 2.1. Assume that the covariance functions of {Z;;} are absolutely summable. For arbitrary
m € {z/q:x € N}, let {ZZ]” c1€ Ajj =1,2,...,q} be another Gaussian random field constructed
as in Theorem 3.8.1. Let X be the asymptotic covariance matrix of \/W @m — lm) as lgn, — 00 as
specified in Theorem 2.3.1. Then X" — 3 as m — oo for some bounded matrix 3, whose elements

are

1 2 q—2 2, (g=3)Vvo0 2
~20-1) [270(1/9)]" + TENE [270(1/q) = 7e(2/9)]” + RCESVER [v0(1/q) = 27¢(2/9) +7(3/9)]

q—2

Sy 2@ k= D{ellk — /] = 25c(0/0) + 2l + D/}

k=

w

+ ﬁ 11(1/9) = 27e(2/4) +7(3/a)]?
e > la=1= =)V (@=D{nelll = /a) = 20e(t/a) + el + /)
1 oo q(k+1)—2
ey 2 o iodivie) el — 1)/a] ~ 261/0) + [0+ /g }
co q(k+1)—2
q—l zzzk X {Vu{@uﬂ)/% (2u +1)/2q] — 27u[(2u + 1)/2q, (2u + 3) /2]
k=0 u=qk

T ul(2u+8)/24, (2u+3)/2q)}

oo q(k+1)—2 y—1

2Z2k > > {ulev+1)/2q, @u+ 1)/24) - (20 +3) /20, (2u + 1)/2q]

u=qk+1 v=qk

(20 + 1)/2q, (2u+8)/24] + 7ul(20 + 8)/24, (2u+ 3) /24 }
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k—1  q(k+1)—=2q(I+1)-2

(q_11)2222l S {l@u+1)/20,2u+1)/20) - (20 +3)/24, (2u -+ 1)/2]

k=1 = u=qk v=ql

+

— ul(20+ 1)/2q, (2u+3)/24) + 720 +3)/20, (2u+3)/24]}
o2 =2 (/) + § [231(1/0) = 7u(1/20,1/20)° + Ha =2} - ro(1/a) — 296(2/0) +7e(3/a)]*
+1{g 2 3} [re(1 = 1/9) — 27e(1) + (1 + 1/q)]*

+Z[v k—1/q) = 27e(k) + ve(k + 1/9))?
+Z[% —ve(k +1/q) = vu(1/2¢,k — 1/2q) + 7u(1/2q, k + 1/2q)]”

+ 22’“*1[%(1@ —1/2¢,k — 1/29) — 2vu(k — 1/2q,k + 1/29) + yu(k + 1/2q, k + 1/2q)]?
k=1
oo k—1

+3 N 2 [l = 1/2¢,k — 1/2q) — 7u(l +1/2¢,k — 1/2q)

k=2 1=1

— vl = 1/2¢, k +1/2q) +vu(l + 1/2q, k + 1/29)]%,

7 Do(1/a) +7(1/q) — 7e(2/9)]* +1{q > 3} - p i

7 [0(1/9) = 276(2/q) +7e(3/9))°

# 7 2 (el0- 1/ 20w el 1/}

oo q(k+1)—1

+7Z S { [(1—=1)/q) = 27.(l/q) + e [(1+1 /‘1]}
k=1 Il=qk+1

* ﬁ i (1/a) = 7e(2/0) = 7u(1/24,1/29) +7u(1/24,3/29))?

+I{qg >3} 2(%_1) [ve(2/4) — 7e(3/a) — vu(1/2¢,3/2q) + vu(1/24,5/2q))

+ 2; z_: {%[(l +1)/a] = ve[(l+2)/q] = u[1/2¢, (20 + 1) /2¢] + vu[1/2q, (20 + ?>)/2q]}2

oo q(k+1)—2

q_1 > 2 [9el0 4+ 1)/a] = el +2)/a) — 7u[L/24, 20+ 1)/20] + a1 /20, (20 +3)/24)}

k=1 1=
— Ly o Z {rul(2lg = 1)/2, (2u + 1)/24] = 7u[(2lg + 1)/24, (2u + 1)/2q
k=2 I=1 u=q(k—1)
2l = 1)/20, (2u+ 3)/20) + 72l + 1)/20, (2u-+ 3)/20))
o l qk—2
%1 ; kZ:l 22 u:qz(k:_l) {rul(2u+ 1)/24, (20g — 1)/2) = 7u[2u +1)/24, (2l +1)/2q]

= Yul(2u +3)/2q, (2lg = 1)/2q] + 7u[(2u + 3) /24, (2lq + 1)/2Q]}2-

Proof. See Appendix A 4.
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3.5 Asymptotic Normality under Absolutely Summable Covariance Functions

Theorem 3.5.1. Let {Z;j : 1 € A,j =1,2,...,q} be a second-order stationary Gaussian random field
on a regular rooted binary tree stream network, with stream network and covariance functions specified
as in Section 2.1. Assume that the covariance functions of {Z;;} are absolutely summable. Then

VIAI (A =7) 4N (0,%) as lsp — 00, and the elements of 3 are specified as Theorem 3.4.1.

Proof. As aforementioned in Section 3.1, by Proposition 6.3.9 of Brockwell and Davis (1991) and with
. o o ~ d

{Z[}} constructed as in Theorem 3.3.1, Conditions (c1)—(c3) implies that /| A| (F—7) > N(0,X) as

lsn, — o00. Conditions (c1) and (c2) are proved by Theorem 2.3.1 and Theorem 3.3.1. Hence the proof

of condition (c3) completes the proof of asymptotic normality.

For any € > 0,

P(VIA|G-2) - G"-1")|>¢)
:P<[1A| (Go(1/a) = 20(1/a)) = (G (1/) = 28" (1/ D)
=~ ~m m 2 1/2
A1 (a) = n(1/a) — G0/~ /)R] > o)
9({@ | Go1/a) = 20(1/)) = GE(1/@) = 2" (1/a)) | > ¢/2}u
{VIAI| Gi(1/0) = n(1/0) = GE"(1/a) = 21" (1/0)) | > e/z}>
<P (VI Go(1/9) = 01/2) = G (1/a) =~ 1/0) | > e/2)
+ P(m | Gu(1/9) = m(1/a) = G*(1/@) = 7' (1/a) | > e/z). (6)

By Chebyshev’s inequality,

P (VI Go1/a) = ol1/a) - G 1/a) 2§ (1/a) | > 2)
AN [(30(1/6) = 0(1/0) - (3§ (1/0) ~ 2§ (0 /a)] _ HAVar Go(1/a) - 55(1/0)

€2 €2 '
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~ A 2
By the fact that 5o(1/q) = 3"(1/) = gty Sits St (Zi — Zign)

i i P (/A Go(1/0) = 0(0/0) - GR(1/0) = ~1/) | > /2) =

m—r00 gy —>

Similarly,

i i P (VAT Ga(1/0) ~ (1/) = G (La) (1) | > 2) =

mM—+00 [ 5 —00

Then by (6),

lim lim P(\/@‘ (i_l) - (im_lm) ‘ >6)

mM—+00 [ gy, —00

:Tr}i_rgolimsupP (M) G-7) -7 ‘ > 6) —0

lsn—r00

Hence condition (c¢3) is satisfied. This completes the proof.

3.6 Consistency of Y under Absolutely Summable Covariance Functions

Theorem 3.6.1. Let {Z;j : i € A,j =1,2,...,q} be a second-order stationary Gaussian random field

on a reqular rooted binary tree stream network, with stream network and covariance functions specified

as in Section 3.1. Assume that the covariance functions of {Z;;} are absolutely summable. Let S be a

2 X 2 matriz with elements

~ 1 ~ 2 q—2 ~ ~ 2 (’1 - 3) AUPS ~ ~ 2
u =5 [290(1/q))* + CESE [290(1/q) — 7e(2/9)]” + RTESER [o(1/q) — 29:(2/q) +7e(3/q)]
e > (0= k= {00~ /) = 2k ) + 7k + D/a}
+ =y B (1/0) ~ 2/0) + (3 )

+(q_11)22 > la— 1 ak)V gk~ DI{FIC ~ 1)/q) ~ 25e(t/a) + A0+ 1)/q)}

+ ot St ST Lu(2u+ 1)/20, (2u 4 1)/20) — 29u[(2u + 1)/20, (20 +3)/24]
k=0 u=qk

+Aul(2u+8)/20, (2u+3)/2q]}
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0o q(k+1)—2 y—1

S0 S Y {Rulo+ 1)/2a,Qu+1)/24) - Aul(20 + 3)/24, (2u + 1)/24)

k=0 u=qk+1 v=qk

1

N (g—1)2

— Ful(20 +1)/24, (2u+ 3)/24] +7ul(20 +3)/24, (20 + 3)/29] }

k—1  q(k+1)—2q(I+1)—2

PR Y X (v 0/ Cu /20 R0+ /20, (ot /2

(q—1)* &

u=qk v=ql

(204 1)/20, (2u+3)/20) + 720 + 3)/2, (2u+3)/24] )
2o :% 271 (1/q))* + 5 [271(1/‘1 Fu(1/2q,1/29) + {q = 2} - [Fo(1/q) — 29(2/a) +7c(3/q)]?
+ g >3} [Fe(l—1/q) — 29.(1) + 7. (1 + 1/9)]?

+Z[v —1/q) = 2e(k) + Ae(k + 1/9)]
+ ) Felk) = Felk +1/q) — Fu(1/2q, k — 1/29) + Fu(1/2¢,k + 1/29)]°

+ 2" Fulk = 1/2q,k — 1/2q) — 23u(k — 1/2¢,k +1/2q) +Fu(k + 1/2¢,k + 1/2q))”
k=1

k—1

> 2 [Full — 1/20,k — 1/2q) = Fu (1 +1/2q,k — 1/2q)

210=1

NgE

+

ol
Il

— Fu(l = 1/2¢,k +1/2q) +Fu(l + 1/2q, k + 1/2¢)]%,

L Bo(L/a) — 23(2/a) +3:(3/a)

7 Do(1/a) +71(1/q) — Fe(2/@))* +Ha > 3} :

012 =
q—

" T Z {7 (1 =1)/q) = 29:(1/q) +7c [(1 +1)/d] }

oo q(k+1)—1

> > { (1= 1)/ql = 27(1/a) +7e [( /Q]}

k=1 I=qk+1

+ ﬁ 1 (1/q) —7(2/q) —Fu(1/2¢,1/2q) _5_@“(1/2(]73/2(1)]2

+1{qg>3}-

q—l

(q )[’Y ¢(2/9) —9(3/a) — Fu(1/2q,3/2q) + 7u(1/2q,5/29)]*

e, Z{ [0+ 1)/a] = el +2)/a] ~ FulL/20, 2+ 1)/20] + a1 /20, (20 +3)/24]}
=2
+

8

[0+ 1)/a) = 5l +2)/a) ~ Fu[L/24, (21 4+ 1)/24) +7[1/24, (21 + 3)/24) }
k::l l=qk

o k—1 qk—2

— 2 > 2! u%;_l) {Ful(2ta = 1)/24, (2u + 1)/24) ~ 7u[(2lq + 1)/24, (2u + 1)/2q
~ Ful(2lq — 1)/24, (2u+3)/2q) +Au[(2lg +1)/2q, (2u + 3) /24 }

) l qk—2
LS ST {Rul(2u + 1)/20, (2l — 1)/26] — Ful(2u+ 1)/24, (2lg +1)/24]

=1 k=1 u=q(k—1)

— Yul(2u +3)/2q, (2lg — 1)/2q] + 7u[(2u + 3) /24, (2lg + 1)/211]}2,
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where 4.(h) and 7, (a, b) are regular method of moment estimators of FCSD and FUDJ semivariograms
with different lags or distances-to-common-junction. If sup; E(o11),sup;, E(012), sup,, E(022) <
oo, then 011 EN o11, 012 B 19 and Goy 2 099 as lg, — 0o, where 011, 012 and oo are as specified in

Theorem 3.5.1.

Proof. See Appendix A.5. O

Let &\gj be the estimator of o;; that has the same expression as 7 (specified in Theorem 2.4.1)
but with m replaced by m such that semivariograms can be well estimated. The proof above implies
that 8’1?{ LN o11, 8@ LN 012, 82@ B 599 as (lsn, m) — oo. Hence, when the underlying Gaussian random
field has absolutely summable covariance functions, &\ﬁ ~ 011, 3@ ~ 019, 8’2%2 =~ 099 when [, and m

are sufficiently large.

36



A Appendix

A.1 Proofs of Asymptotic Variance X™
A.1.1 Proof of Theorem 2.2.1

Proof.

Var [fo(1/q)] = Var{
=1 j=1

Al 14] q—1

- q—l 4(q— D2]A]2 ZZCOV Z(Zij—zi(ﬂl))?v

i=1 s=1 j=1

|A] ¢—1 )
20— i) 2 2= (% = Zig) }

-1

<

(Zat = Zousn)”

t=1

Since {Z;; :i € A,j =1,2,...,q} is a second-order stationary Gaussian process, the joint distribution of

{Zij—Zi(j41) 11 € A, j = 1,2,...,q—1} is multivariate normal. The value of Cov[)

3;11 (Zst - Zs(t+1)) | depends on the relative positions of (Z;1, ...,

discussed in four scenarios.

I.i=s
q—1 ) q—
Cov | > (Zij = Zij+1) ™
j=1 t=
g—1 ) g—1
=Var Z (Zij = Zi(j11))
j=1 j=1
qg—1q—1 )
= Cov | (Zi = Zij+)

-1 2
=1 (Zij = Zi1)) ™
Ziq) and (Zs1, ..., Zsq). This will be

By the properties of the moments of a multivariate normal random vector, when j = t,

Var [(sz — Zi(j+1))2} =2 [270(1/‘])]2 :

When j # t, assume that d(Z;;, Zi) = k/q, k € {1,2, ...,

the moments of a multivariate normal random vector,
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(gm+1) A (¢ —2)}. By the properties of



Var [(Zij - Zi(j+1))2] = Var [(Zz - Zi(t+1))2] =22v%(1/q))"

and
2 2 2
Corr [(Zz“ ~ Zigyn) " (Zit = Zig1)) } = [Corr (Zij — Zi(j41), Zit — Zige4n))] -
e If k=1
Corr (Zij — Zigj+1), Zit — Zir+1))
_ Cov (Zij — Zigj1), Zit — Zigesn))
270(1/q)
:COV (Zij, Zst) — Cov (Zij, Zz’(t+1)) — Cov (Zi(jJrl), Zit) + Cov (Zz'(j+1)7 Zf[:(t+1))
270(1/q)
Cpe(1/g) — Cpe2/q) — 0>+ Cpe (1)
2v0(1/q)
_ —270(1/q) +7:(2/9)
270(1/q) 7
and
N2 (g p o 8?] 2 [—270(1/9) +7(2/0)]?
Cov [(ZZJ Zz(]—l—l)) ; (Zl Zz(t—l—l)) :| =2 [270(1/41)] 270(1/(])
= 2270(1/q) — 1e(2/9)]*.
o If k=2

Y0(1/a) — 27e(2/9) + 7(3/9)
Corr (Zz — Zi(j+l)7 Zit — Zi(t+l)) = 270(1/q) s
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and

0(1/g) = 27:(2/9) +7(3/9)]”
270(1/q)

=2[0(1/q) — 2v:(2/q) + 7(3/a)]" -

2

Cov [(Zij ~ Zigi+1) " (Zie — Zi(t+1))2} = 2[20(1/9))”
o If k>3

Yel(k — 1) /q] — 27¢(k/q) +7e[(k +1)/4]
270(1/q) ’

Corr (Zi‘ — Zz'(j+1)7 Zit — Zi(t+1)) =
and

Cov | (Zis = Zig1)* s (Zn = Ziwn))”|

- — 2
—afora(tjqy { el D)= 2tk ek + D)

=2{el(k = 1)/a) — 27e(0/g) +7l(k + 1) /] }

2

The cardinalities of (Zij = Zi(j4+1)s Lst — Zs(t+1)) pairs by k£ within one segment can be easily
shown as (¢ — k — 1) V 0. Moreover, the number of segments is |A|. Thus, the summation of

Cov {Z?;l (Zij — Zi(j+1))2, 3;11 (Zst — ZS(Hl))Q} under this scenario is

Al(q = 1) - 2[290(1/@)]* + 2| Al(q — 2) - 2[290(1/q) — 7(2/9)]?

+2[Al[(q —3) v 0] - 2[10(1/q) — 27¢(2/q) +7(3/9))”
(gm+1)A(9—2)

Y Al k- 1) -2l — 1)/a) — 2re(k/a) + el (h+ 1/l

k=3
=2|Al(q — 1) [270(L/@))* + 4| Al(q — 2) [270(1/) — 7(2/))*
+4/A|[(q = 3) V0] vo(1/) — 27:(2/9) + 7e(3/a)]”

(gm+1)A\(g—2)

valAl Y k= Dk~ 1)/a) — 29(k/) + el (k+ 1)/}

k=3
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II. Segments i,s are FC, d(Z;1,Zs1) < [m] <m+1/q

q—1 q—1
Cov [ (Zi = Ziga) "D (Zt = Zoin)’
j=1 t=1
q—1qg—1
= Cov [(Zi' ~ Zig+1)* 5 (Zot — Zs(t+1))2} :
j=1t=1

Assume that d(Z;1,Zs1) = k, k € {1,...,[m]}. For fixed segments i, s with d(Z;1, Zs1) = k, let
d(Zij, Zst) = 1/q, l € {q(k —1) +2,...,q(k + 1) — 2}. By the properties of the moments of a

multivariate normal random vector,

Zs(t+1)

Zst

Var | (Zij — Ziggn)*| = Var [(Za = Zuein)®] = 2230(1/a),

and

Corr [(Zz - Zi(j+1))2 (Zst — Zs(t+1))2} = [Corr (Z; — Zi(j+1)s Lst — Zs(t—l—l))]Q .

o If[ =2
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Without loss of generality, assume that (i,s) € B, j = q— 1 and t = 1, then

Corr (Zi(q—l) - Ziqa Zs1 — Zs2)
_COV (Zi(q—l) - Ziq, Zs1 — ZSQ)

270(1/q)
 Cov (Zi(g-1), Zs1) — Cov (Zi(q-1), Zsa) — Cov (Zig, Zs1) + Cov (Zig, Zs2)
a 270(1/q)
_ —Cre(1/q) +2C5: (2/q) — Cpe (3/q)
270(1/q)
_n(1/q) = 27(2/q) +7(3/9)
270(1/q) ’

and

2
Cov [(Zi(q,l) — Zi)? (Zs1 — 252)2] 22901/ - |12 = 5308@ +7:3/9)

= 2 [y1(1/q) — 27e(2/q) + 7e(3/a)]

o If[>2

Corr (Zij — Zijs1y, Zst — Zs(41))
:COV (Zij — Zitj11) Zst — Zs(141))

270(1/q)
_COV (Zij, Zst) — Cov (Zij7 Zs(t+1)) — Cov (Zl'(]qu), Zst) + Cov (Zi(j+l)7 Zs(t+1))
B 270(1/q)
_=Crell=1)/a] +2Cc(I/q) = Cy (1 +1)/q]
270(1/q)
_Yel(l=1)/q] = 27e(l/q) + e[l + 1) /4]
a 270(1/4q) 7

and

Cov (25 = Zigg)” s (Zt = Zys)”]

- — 2
_2[2%(1/(1)]2_{%[@ 1)/4] 2235((1//2))+%[(1+1)/q}}

=2{7el(l = 1)/a) = 23:(1/q) + 7l + 1)/ }

2
The cardinalities of (Z;; —

Zi(j+1), Zst — Zst+1)) pairs by [ given fixed segments i, s with
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d(Zi1,Zs1) = k are shown in Table 9.

l # of (sz _Zi(j+1)aZst_Zs(t+1)) Pairs
g(k—1)+2 1
q(k—1)+3
l l—qk—1)—1=q—1—(¢k—1)
gk — 1 q—2
qk q—1
gk +1 q—2
l gk+1)—-1l—-1=q—1—-(l—qk)
qglk+1)—2 1

Table 9: # of (Zij — Zy(j41), Zst — Zs(41)) Dairs by [ given k

Thus, Z?;} 3;11 Cov [(Zij — i(j+1))2 (Zot — Zs(tﬂ))z} given fixed segments i, s with d(Z;1, Zs1) =
k is
q(k+1)—2 2

S la—1- =gk v (gk—0)-2{rl( = 1)/g] - 22(1/a) + 2l + 1)/q] }

I=q(k—1)+2
or, when k=1,
2[v1(1/q) — 2ve(2/q) +e(3/q))?

2q—2

+¥ la-1-(-q)V(g—D]- 2{%[@ = 1)/a] = 27(l/q) + e[l + 1)/q]}2-
=3

kE  # of Segments (i, s) Pairs
1 2(|A] — 1)
2 2(|A] = 3)
k 2(|A| — 2% +1)
[m] 2|4 - 21 + 1)

Table 10: # of segments (7, s) pairs by k& when i, s are FC

The cardinalities of segments (7, s) pairs by & under the scenario that i, s are FC and d(Z;1, Zs1) <
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[m] are shown in Table 10. Thus, the summation of Cov [zg;i (Zi; — Zi(j+1))2 , Zf;ll (Zst — Zs(tﬂ))z]

under this scenario is

20141 = 1) - 2[71(1/q) — 27e(2/a) +7(3/a)]”

+2(04 - 1) Y lg—1-(1—q) V(g—1) 'Q{Vc[(l = 1)/a] = 27.(/q) + e[l + 1)/(1}}2
=3

[m] q(k+1)—2 ,
+3o2041-241) > la—1-(—ak) v (ak = D] 2{ %[l — 1)/a] - 29c(1/a) + %[+ 1)/a]}
k=2 l=q(k—1)+2

=4(|A] = 1) [11(1/4) = 27(2/9) +7e(3/)]?

404 1) Y la—1- (- a) v (@~ DIl ~ 1)/g) — 2000/) + el +1)/q)}

[m] q(k+1)—2 )
43 (A1-241) Y fa—1- (- ak) v (ak = DI{7el( = 1)/a] = 2%e(1/a) + el + 1) /] } -
k=2 I=q(k—1)+2

ITII. Segments i, s are FU, and for (Z;1, Zs1), max{a,b} < |m] +1/2¢ <m+1/q

Assume that for pair (Z;1,Zs1), a =k+1/2¢and b =1+ 1/2q, k,l € {0,1,2,...,|m]}. For fixed
segments i, s such that for pair (Z;1, Zs1), a = k + 1/2q and b = 1 + 1/2¢, let the distances-to-
common-junction for (Z;;, Zs:) be a = u/q+1/2¢,b =v/q+1/2q, u € {q¢k, ...,q(k + 1) — 2} and

v € {ql,....q(l + 1) — 2}. Similar to scenario II,

Var |(Zij = Ziggn)°| = Var [(Za = Zugin)®] = 2[290(1/a)).
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We have

Corr (Zij — Zi(j1y, Zst — Zs(i41))

_Cov (Zij — Zig+1): Zst — Zo(u4))

B 270(1/q)

 Cov (Zij, Zst) — Cov (Zij, Zgu41)) — Cov (Zigj11y, Zst) + Cov (Zij41)s Zs(ts1))
B 270(1/q)

{Cfu(aA b,aVb)—Crlan(b+1/q),aV (b+1/q)]

1
~ 2v0(1/q)

= Crulla+1/q) A, (a+1/q) V]

+ Crala+1/a) A (b+1/q), (a+1/q) v (b+1/q)] }
1

:W{ —Yu(aAb,aVb)+ylan(b+1/q),aV (b+1/q)]

+yul(a+1/q) Ab,(a+1/q) V]
—ulla+1/g) A b+ 1/g), (a+1/a) v (b+ 1/g)]}.

Thus

COV [(ZZ] — Zi(j+1))2

—2(270(1/q)P {

(Za — Zs(t+1))2]

1
0(17) [— Yula Ab,aVb)+yan(b+1/q),aV (b+1/q)]
vl t 1/9) Ab,(a+ 1/g) Vb
2
ul@t1/a) A b+ 1/g), (a+ 1/q) v (b+ 1/q>]] }
—2{5uanb.avb) = yufa A (b+1/).aV 5+ 1/a)] — vulla+ 1/q) Ab.(a+1/q) V]

Fulla+1/a) A b+ 1/a), (a+1/a) v (b+1/q)]} (a.)

1) fa=b,ie,k=landu=v
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When k =1, a = b, then by (a.1.1),

Cov [(Zz“ = Zigen) s (Zot — Zs(t+1))2}
=2 [fyu(a, a) —y(a,a+1/q) —v(a,a+1/q) + vula+1/q,a + 1/q)]2
=2{7[(2u +1)/2q, (2u+1)/2q] = 27,[(2u+1)/2q, (2u+3)/2q

+ul(2u+3)/24. (20 +3)/2q]}

2) Ifa>bie,a>b+1/q

Whena>b+1/q,b<b+1/q<a<a+1/q, then by (a.1.1),

Cov [(Zij ~ Zijen)” s (Zu — Zs(t+1>)2}
=2 [’Yu(bv a) = (b +1/¢,a) = yu(ba+1/¢) + b+ 1/g,a + 1/q)] :
=2{7[(20 + 1)/2q, (2u + 1)/2q] = 7[(20 + 3)/24, (2u + 1)/2q]

~ l(20 4 1)/20, (2u + 3)/20] + 7ul(20 -+ 3)/24, (2u+3)/24]}

3) Ifa<b ie,a<b—1/q

Whena <b—-1/q,a<a+1/qg<b<b+1/q, then by (a.1.1),

Cov | (Zij = Ziga)” s (Zet = Zsny)”]
=2 u(0,5) ~ b+ 1/0) = vule +1/0,0) + ula+ 1/a.b+1/0)]
=2{7u[(2u+1)/2q, (20 + 1)/2q] = [(2u +1)/2q, (20 + 3)/2q]

—ul(2u -+ 3)/2q, (20 + 1)/24] + 7u[(2u + 3) /20, (20 +3)/24]

Thus, E?;} 2;11 Cov [(Zij - Zi(j+1))2 (Zgt — Zs(t+1))2i| given fixed ixed segments , s such that

for pair (Z;1,Zs1), a =k+1/2gand b=1+1/2q is
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e when k =1

(k+1) 2
2{% [(2u +1)/2q, (2u + 1)/2q) — 2vu[(2u + 1)/2q, (2u + 3)/2q] + 7u[(2u + 3) /24, (2u + 3)/2q]}
u=qk
q(k+1) 2 u—1

2 Y > 2{lv+ 1)/2, (2u+ 1)/20) = l(20 + 3)/24, (2u + 1) /2

u=qk+1 v=qk

— yul(20 4+ 1)/2q, (2u -+ 8)/24] + 7l(20 +3)/24, (2 + 3)/2q] }

e when k > [
q(k+1)—2 q(14+1)—2

S 2{l@o+ 1)/20 20+ 1)/2q) — (20 +3)/24, (2u + 1)/24]

u=qk v=ql

— al(20+ 1)/2q, (2u+ 8)/24) + 7ul(20 + 8)/24, (2u + 8)/24] )

e when k < [
q(k+1)—2 g(1+1)—2

> Y 2fulu+1)/20, 20 +1)/20 = vul2u + 3)/20, (2v+ 1) /2

u=qk v=ql

— yul(2u+ 1)/24, (20 -+ 3)/24] +7l(2u + 3) /24, (20 + 3)/24] }

The cardinalities of segments (i, s) pairs by (k,l) under the scenario that segments i, j are FU is

tabulated in Table 11.

E\l 0 1 2 1 |m ]

0 |[A] -1 |A] -3 |A| -7 |A] — 2 41 |[A] —2lmi+ g

1 |A[ =3 2(1A[ = 3) 2(|A[ = 17) 2(14 =2 + 1) 2(|4] —2tm*t 4 1)

2 |A] -7 2(|A| - 7) 22(|A| - 7) 22(|Al -2 + 1) S 22(JA] =2t )
k |A] — 281 41 2(|A] — 281 4 1) 22(JA| — 2Kt 1) o 2RA(Al = 2RVIFL L) L 2k(jA] — 2l )
lm] | |[A] =2t 41 204 -2 4y 2°(jA] -2t ey - 2lgAl -2t ) L el ottt )

Table 11: # of segment (i, s) pairs by (k,l) when i, s are FU

Thus, the summation of Cov {Zg;% (Zij y+1)) S ( o — Zs(t-l—l))Q} under this scenario
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Iv.

is

Lm]
> 2514l - 2 4 1),
k=0

q(k+1)—2

> 2{nul@u+1)/20, (2u+1)/2q] - 2val(2u+ 1)/2q, (20 + 3)/24] + 7ul(2u + 3)/24, (2u + 3)/2q }2

u=qk
Lm]

+Z2 (jA4] =25 + 1)

q(k+1)—2 y—1

S 3 of 2o+ 1)/24, (2u+ 1)/20) — (20 + 3)/24, (2u+1) /24

u=qk+1 v=qk

— (20 + 1)/2q, (2u+ 8)/24] + 7u[(20 + 8)/24, (2u+8) /24 }

lm] k-1

+2> ) 2 (A = 2M 4 1)

k=1 1=0
q(k+1)—2 q(1+1)—2

S 2fnul2o+1)/26, 20+ 1)/26) - ul(20 + 3) /24, (2u + 1)/2q]
u=qk v=ql
— 7ul(20 4+ 1)/2q, (20 + 3)/24] + 7[(20 + 3)/2, (20 + 3)/2q] }
Lm]
=Y 2 (Al -2 ),

q(k+1)—2 2
S {ul2u+1)/20, (2u+1)/2q] - 29l(20 + 1)/24, (20 + 3)/24] + ]2 + 3)/20, (2u + 3)/2q]}

u=qk
Lm]
+ Z 2k+2 |A| k:+l )

q(k+1)—2 u—1

> > {%[(2'0 +1)/2q, (2u+1)/2q] = yu[(2v + 3)/2¢, (2u + 1) /24]

u=qgk+1 v=qk

(20 +1)/24, (2u+ 8)/24] + (20 + )20, (2u+ 3)/2q)}

lm] k-1

+ Z Z 21+2 |A| k+1 )

k=1 1=0
q(k+1)—2 q(I4+1)—2

S % {ulee+ /20 @u 1)/20 - vl + /20, (2u+ /24

u=qk v=ql

— Yu[(2v 4+ 1)/2q, (2u + 3)/2q] + vu[(2v + 3)/2q, (2u + 3)/2q]} .

Otherwise

47



In this scenario, the random vectors (Z;1, ..., Ziq) and (Zs1, ..., Zsq) are uncorrelated, thus

q—1 q—1
Cov { (Zz‘j - Zi(j+1))2 ’ Z (Zst - Zs(t+1))2 =0.
j=1 t=1

Summarizing scenarios I-IV, we have

|A[Var [5o(1/q)]

=m {2|A|(q — 1) [290(1/@)]* + 4]A|(q - 2) [270(1/a) — 7e(2/9)]

+4]Al[(g = 3) V0] [o(1/q) — 27e(2/a) +7(3/9)]?
(gm+1)A(q—2)

a4l Y k-0l —1)/a) ~ 2e(b/) + el D/a}

k=3

+4(Al = 1) [n(1/q) — 27e(2/4) + 7e(3/9)]?

2q—2

404 1) Y la—1- (- a) v (@~ DI{rel — 1)/g] — 200/) + el +1)/q)}
=3
[m] q(k+1)—2 2
4304 =25+ 1) Y fa— 1= 0= ak)V (gk = DI{ 7l — 1)/d] - 29/a) + 7l + 1)/a]}
k=2 I=q(k—1)+2

[m]
= k+1 gkl 4
+ 22 (1A - +1)-

q(k+1) 2
> {ul@ut 1)/20, 2u+1)/20) - 29[(2u + 1)/2q, 2u + 3)/24]
u=qk
T yul(2u +3)/20, (20 +3)/24)}
Lm]
+ Z2k+2 ‘A| k+1 )

q(k+1)—2 u—1
S Y {ul@v+ 1)/2q,Qu+1)/20) = l(20+ 3)/20, (2u + 1)/2q
u=qk+1 v=qk
— 7al(20+ 1)/2q, (2u+3)/2) — 7[(20 + 3)/2q, (2u+8) /24 }

lm] k—1

+ZZQZ+2 |A| k+1 )

k=1 1=0
a(k+1) =2 g(1+1) =2
>y { [(20 +1)/2g, (2u + 1)/2q] — 7u[(2v + 3)/2¢, (2u + 1) /2q]

u=qk v=ql

—vu[(2v +1)/2q, 2u + 3)/2q] — vu[(2v + 3)/2q, (2u + 3)/261}}2}
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—-3)Vvo

= e+ TR 2o(1/g) — @) + Y bo(1/9) — 27:(2/) + 7e(3/a)]?

2(¢-1) (¢-1) (¢—1)°
1 (gm~+1)A(q—2) 5
tamr o @k Dl - /= 29elk/a) + el + 1)/l
4]

A a1/0) = /) + 3/

+ 'A‘m 7 Z[ 1 =)V (g = D1l — D/a) — 2000/a) + el + 1/}

1 [m] ‘A| _2k+1 q(k+1)—2 )

> S la—1-0—ak)V (ak—O){rel - 1)/a] = 29(t/a) + 7l + 1)/al |
l=q(k—1)+2

1 2FL(|A| — 21 4 1) q(k+zl)f2

(¢ 1) 2= 4]

Lm]
+

ul(2u+ 1)/2q, (2u +1)/24]  27[(2u + 1)/2q. (20 + 3)/24]
T yl(2u+3)/24, (2u+ 3)/20]}

1 k(A =2 )

(q—1)? 2= A

q(k+1)—2 u—1

S Y {ul2o +1)/24, u+ 1)/20) — al(20 +1)/24, (2u+ 3) /24

u=qgk+1 v=qk

+

—ul(20 -+ 8)/20, (20 + 1)/24) + 720 + 8)/20, (20 + 3)/24) )

1 2L (JA] — 281 1)
—1)2 Z Z |AJ? ’
q(k+1)—2 q(14+1)—2

% {% [(20 + 1)/2q, (2u + 1)/2q) — vu[(2v + 1)/2q, (2u + 3)/2q]

u=qk v=ql

— ul(20 -+ 3)/2q, (24 1)/24) + 7 [(20 + 3)/20, (20 +3)/24] }

The facts that ls, — oo implies [A| — oo and lim| 4| |A“T_|C =1 for any C' < oo complete the proof

of Theorem 2.2.1. ]

A.1.2 Proof of Theorem 2.2.2
Proof.

1 (1A|-1)/2 ) )
Var [71(1/q)] = Var A=T) > [(Ziq ~ Zain)" + (Zig = Zgitan) }

i=1
1 (1Al=1)/2 (JA]=1)/2
2

2
S WACTE X X Cov | (Zig = Zain)* + (Zia = Zirin)*
=1 s=1

(Zsq — Z(25)1)2 + (Zsg — Z(25+1)1)2]-
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Similarly, since {Z;; :i € A,j =1,2,...,q} is a second-order Gaussian process, the joint distribution of
{Ziqg — Zj1 : (i, k) € B} is multivariate normal. The value of each summand depends on the relative

positions of the six sites involved. This will be discussed in four scenarios.

2i+1

Z2i+1)1

By the properties of the moments of a multivariate normal random vector,

Var [(Zig = Zain)*] = Var [(Zig = Zain)’] = 22m(1/0),
and

2 2

Corr [(Zz — Zoin) " 5 (Zig — Z(2i+1)1)2} = [Corr (Zig — Z(2iy15 Zig — Z2iv1)1) ]

We have

Corr (Zi — Z(gi)l, Zig — Z(2i+1)1)

_COV (Ziq — Z(Qi)la Ziqg — Z(2i+1)1)

B 271(1/q)

_02 — Cov (Ziq, Z(2i+1)1) — Cov (Z(2z')17 Ziq) + Cov (Z(Qi)l, Z(QH_l)l)
B 271(1/q)

_2m(1/q) — yu(1/29,1/2q)

B 2v1(1/q) .
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Thus

Cov [(Zl - Z(2i)1)2 + (Zig — Z(2i+1)1)2 (Zig - Z(2i)1)2 + (Zig - Z(2i+1)1)2}
=Var [(Ziq - Z(gi)l)Z + (Zig - Z(2i+1)1)2}
=Var [(Zz-q — Z(Qi)l)z} + Var |:(Ziq - Z(2i+1)1)2]

+ 2Cov {(qu - Z(2i)1)2 ) (ZZ - Z(2i+1)1)2:|

2
=4 [271(1/9))* + 420 (1/9)" {2%(1/(1)2_717(11(/161/)2% 1/2(1)]

=421 (1/@)] +4[271(1/q) — vu(1/24,1/29)]*.

It can also be shown that the cardinalities of this scenario is (|JA| —1)/2.

II. Segments i,s are FC, d(Ziq, Zsq) <m+1/p

Cov [(Zz - Z(2¢)1)2 + (Zig — Z(21'+1)1)2 (Zsq — Z(2s)1)2 + (Zsg — Z(23+1)1)2}
=Cov |:(Z’L - Z(2i)1)2 (Zsq — Z(25)1)2} + Cov |:(Z2 - Z(2i)1)2 (Zsq — Z(25+1)1)2}

+ Cov [(Ziq - Z(21‘+1)1)2 (Zsq — Z(23)1)21| + Cov [(qu - Z(2i+1)1)2 (Zsq — Z(25+1)1)2} .

2i+1
Z(2i+1)1

Assume d(Z;q, Zsq) =k, k € {1,2, ..., m+1/q]}. Without loss of generality, assume that segment

2i and s are FC. By the properties of the moments of a multivariate normal random vector,
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1) If k> 2

Cov |:(Zlq — Z(2i)1)2 s (

=Cov [(Ziq - Z(2i)1)2 (Zsqg — Zias1 1)2}
Ye(k +1/q) + 27.(k) —

2

223 (1/g)? [

’Yc(k - 1/Q):| 2
271(1/q)

=2 [ve(k — 1/q) — 2vc(k) + 7e(k + 1/q))?,
Cov |:(Ziq - Z(2i+1)1)2> 2}
)

=Cov |:(Ziq — Z(2i+1)1)2 (Zsq = Zisrin }

Ye(k) + ek +1/q) + vu(1/2q,k — 1/2q) — vu(1/2q,k +1/29) |

=2[271(1/q)]” - [_

271(1/q)

=2[Ye(k) = ve(k + 1/q) — vu(1/2q,k — 1/2q) + vu(1/2¢, k +1/29)].

Thus

Cov [(Ziq - Z(2i)1)2 + (Zig — Z(2i+1)1)2 (Zsq — Z(23)1)2 + (Zsg — Z(23+1)1)2]
=4 [ye(k — 1/q) — 27e(k) + 7e(k + 1/q))?

+ 4 [ve(k) = ve(k +1/q) — vu(1/2g,k — 1/2q) + vu(1/2, k + 1/29)]" .

2) f k=1and ¢g=2

Cov

=Cov

:(ZiQ - Z(zi)1)2 (Zs2 — Z(25)1)2:|

:(ZiQ — Zoin)® s (Zsz — Z(25+1)1)2}

=2 [16(0.5) — 276(1) + e(1.5)]2,

Cov

=Cov

:(ZiQ - Z(2i+1)1)2 (Zso — Z(2s)1)2}

:(ZiQ - Z(2i+1)1)2 (Zsa — Z(25+1)1)2}

=2 [16(1) — 7e(1.5) — 74(0.25,0.75) + 7,(0.25, 1.25)]>.
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Thus

Cov |:(Zz'2 - Z(Zi)1)2 + (Zia — Z(2i+1)1)2 (Zs2 — Z(25)1)2 + (Zs2 — Z(25+1)1)2]

=4[70(0.5) — 27ve(1) + 7e(1.5)]* 4+ 4 [ye(1) — 7e(1.5) — 74(0.25,0.75) + ~7,(0.25, 1.25)]2.

3) Ifk=1and ¢ > 2

Cov [ ~ Zin)® (Zez — Z@s)lﬂ
—Cov [(Ziz — Zain)* s (Zaz — Z<2s+1)1)2}
—2[7e(1 = 1/q) — 296(1) + 7e(1 + 1/q))%,
Cov [ 2= Zirin) s (Ze — Z(%)l)g}
=Cov |(Zi2 — Z(21'+1)1)2 (Ze2 = Z(25+1)1)Q]

=2[7e(1) = ve(1 + 1/q) — 7u(1/24,1 — 1/2q) + vu(1/2¢,1 + 1/2q)]* .

Thus

s (Ziq — Z(2i+1)1)2 (Zsq — Z(2$)1)2 + (Zsg — Z(23+1)1)2]

Cov {(Ziq — Zgin)
=4 [7.(1 — 1/q) — 27(1) + 7e(1 + 1/q))?

+4[ve(1) = (1 +1/q) — vu(1/24.1 — 1/29) + 7u(1/2¢,1 + 1/29)].

The cardinalities of (Ziq, Z(2i)15 Z(QZ-H)I) (qu, Z(28)15 Z(25+1)1) pairs by k£ under the scenario that

segments i, s are FC is tabulated in Table 12.

k # of (Zig, Z2iy1, Z2it11) (Zsqs Zasn, Zias+1)1) Pairs
1 2[(|A] =1)/2-1] = [A] -3
2[(JA[ = 1)/2=3]=|A| =7
k 2[(JAl = 1)/2 =2~ +1] = |A] — 2k+1 41
lm+1/q] A — 2bmt/a+l 4 g

Table 12: # of ( i2: Z(20)1 Z(Qiﬂ)l) (qu, Z(Qs)l,Z(gsﬂ)l) pairs by k when i, s are FC

The summation of Cov|[ (Ziq — Z@in)” + (Ziq — Zaisin)’ s (Zsa — Zaen)” + (Zsg — Zaer1)’ ]
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under this scenario is

e when ¢ =2

{lm+1/g) = 1} - 4(14] = 3) o(1/a) — 29:(2/a) +7:(3/a))
|m+1/q]
+4 > (JA = 2" 4 1) [ye(k — 1/q) — 29e(k) + ve(k + 1/)]?
k=2
|m+1/q]
+4 ) (1A =2 1) [re(k) — velk + 1/q) = 7u(1/2¢, k — 1/2q) + vu(1/2q,k + 1/29)]?
k=1

e when ¢ > 2

lm+1/q]
430 (|4 =257 4 1) ek — 1/q) — 27e(k) + 7e(k + /)]
k=1
|m+1/q]

+4 > (A = 2" 4 1) [re(k) = ve(k + 1/q) — vu(1/2g, k — 1/2q) + 7u(1/2¢, k + 1/2)]7.
k=1

III. Segments i, s are FU, and for (Ziq, Zsq), max{a,b} < |m+1/q| —1/2¢ <m+1/q

Zizipn Zpzis11
2i+1

Assume for pair (Ziq, Zjq), a =k —1/2¢ and b=1—-1/2q, k,l € {1,2,...,|m + 1/q]}. Since
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calculating the first term is sufficient to compute

Cov [(Zz'q ~Zain)” + (Zig = Zgean)” i 2}

(Zig = Zopn)” + (Zjg = Zigjan)
We have

Cov (Zig = Zain» Ziq — Z2j)
= —qu(aNb,aVb)+ylan(b+1/q),aV (b+1/q)]

+wlla+1/q) Ab,(a+1/q) Vb —yulla+1/9) A(b+1/q), (a+1/q) V (b+1/q)].

Thus

Cov |:(Z7, - Z(2i)1)2 ) (qu - Z(2j)1)2}
=227 (1/q)]*-

1
{W[—Vu(aAb,aVb)+vu[aA(b+ 1/q),aV (b+1/q)]

+yul(a+1/q) Ab, (a+1/q) Vv b]
2
ulat 1/a) A b+ 1/g). (at 1)V (b + 1/q>]] }

—2{%((1/\ b,aVb) —ylan(b+1/q),aV (b+1/q)] —vul(a+1/q) Ab,(a+1/q) V]

2
Fallat 1) A b+ 1/g), (a+ 1/g) v (b+ 1/q>1} ,

and
2 2 2 2
Cov |:(Z7, — Zoin) + (Zig— Zeivin) s (Ziq — Zoim)” + (Zig — Zizin) }

=8{%<a Abavb) —yula A (b4 1/g).aV (b+ 1/q)] — yul(a+ 1/q) A b, (a+ 1/q) V]

2
Ful(at 1) A b+ 1/), (a+ 1/g) v (b+ 1/q>1} | (a.1.2)

1) Ifk=1
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When k =1, a = b, then by (a.1.2),

2 2 2

Cov |:(Zz — Zoin) " + (Zig = Zoivin) (Zig — Zoin)” + (Zig — Z(2¢+1)1)2]
=8 [vu(a,a) — 2yy(a,a+1/q) + yu(a+1/q,a + l/q)]2

=8 [Yu(k —1/2q,k — 1/2q) — 2vu(k — 1/2q, k + 1/2q) + yu(k + 1/2¢, k +1/2¢)].

) Ifk<lie, k<l—1

When k<l—-1,a<a+1/g<b<b+1/q, then by (a.1.2),

Cov | (Zig = Zeain)* + (Zia = Ziivin)” s (Zia = Zain)” + (Zia = Ziaisnn)’|
=8 [yu(a, b) — yula, b+ 1/q) — yula +1/¢,b) + yula +1/q,b +1/q)]
=8[yu(k — 1/2¢,1 — 1/2q) — vu(k — 1/2¢,1 + 1/2q) — vu(k + 1/2¢,1 — 1/2q)

+yulk +1/2q,1 + 1/261)}2-

3) I k>0 e, bk>1+1

When £k >1+4+1,b<b+1/qg<a<a+1/q then by (a.1.2),

Cov |:(Ziq - Z(2¢)1)2 + (Zig — Z(2i+1)1)2

(Zig — Z(2¢)1)2 + (Zig — Z(2i+1)1)2}
=8 [Yu(b,a) — Yu(b+1/q,a) — u(b,a +1/q) + vu(b+ 1/q,a + 1/q)]°
=8[vu(l = 1/2q,k —1/2q) — (1 +1/2¢,k — 1/2q) — v (l — 1/2¢,k +1/2q)

+ vl +1/2q,k + 1/261)]2~

k\l 1 2 l lm+1/q]

1 (4] =3)/2 (1A =7)/2 (14l =2 +1)/2 (1A —2btm*t/altt 4 1) /9

2 (|A| —7)/2 |A| -7 |A| =2 + 1 |A] — 2lm+1/al+1 4 g

3 (JA] = 15)/2 |A| - 15 2(]A] — 21 +1) 2(|A| — 2lmFY/al+t 4 )

Lk (JA] — ok+1 1)/2 |A| — okt 4 1 2kAl—2(|A| VIt 1) 2k—2(|A| —glm+1/q)+1 4 1)
[m _|_ 1/q] | (|A| - 2Lm+i/qj+1 +1)/2 |A]— 2Lm+.1/qJ+1 +1 21‘2(\A| _ QL;n-s-l/qJ-s-l +1) 2Lm+1/qJ—2(‘A| _ glm+1/a]+1 4 1)

Table 13: # of (Zi, Z2i)15 Z(2i+1)1), (Zjq, Z2j)15 Z(2j+1)1) pairs by (k,l) when i,s are FU
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The cardinalities of (Ziq, Z(2)15 Z(2i+1)1) (Z]q, Z(2j)15 Z(2j+1)1) pairs by (k,l) under the scenario
that segments i, s are FU is tabulated in Table 13. The summation of Cov[ (Ziq — Z(gi)l)Q +

(Zig — Z(2¢+1)1)2 (Zsq — Z(2s)1)2

+ (qu — Z(23+1)1)2} under this scenario is

[m+1/q]
> 2P(A = 2P 1) - 8k — 1/2g, k — 1/2q) — 27u(k — 1/2¢,k + 1/29) + vu(k + 1/2q, k + 1/29)]
k=1
[m+1/q] k—1

+2 Z 221 (1Al =257 +1) - 8[yu(l — 1/2¢,k — 1/2q) — 7u(l +1/2¢,k — 1/2q)

— vl = 1/2¢, k +1/2q) +vu(l + 1/2q, k + 1/2¢)]

[m+1/q]
= > 2MN(AI =2 1) [ra(k — 1/29,k — 1/2q) — 2yu(k — 1/2q, k + 1/2q) + yu(k + 1/2¢, k + 1/29))?
k=1
m+1/q] k—1
+ > Zzl” |A] = 2570 4 1) [yul = 1/2g,k — 1/2q) — vu(l + 1/2¢,k — 1/2q)
k=2 =1

— vyl = 1/2¢, k +1/2q) +vu(l + 1/2q, k + 1/2q)]”.

IV. Otherwise

In this scenario, the random vectors (Ziq, Z(2i)1, Z(2i41)1) and (Zig, Z(25)1, Z(2j4+1)1) are uncorre-
lated, thus

COV |:(Z7,q - Z(21’)1)2 + (qu - Z(2i+1)1)2 ) (Zlq — Z(Qi)l)z + (qu — Z(2i+1)1)2:| =0.

Summarizing I-IV, we have

e when ¢ =2

|A[Var [31(1/q)]
|A| (JA|-1)/2 (|A|-1)/2 ) )
:m Z Z COV[ (Ziq - Z(zm) + (Ziq - Z(2¢+1)1) )
i=1 s=1
(qu - Z(25)1)2 + (ZS‘Z - Z(25+1)1)2:|

:4(|A||A_| 1)2 { \AIQ— L [41271(1/q))” + 4291 (1/q) — vu(1/29,1/29)]?]

+1{im+1/q) 2 1} (141 = 3) [0(1/9) — 27:(2/a) + 72(3/a))*
[m+1/q]
43 (412 D belh = 1/a) = 20608) £ el o+ 1)

Lm+1/qj
+4 Z (1Al = 2" 4+ 1) [ye(k) = ye(k + 1/q) — vu(1/2¢, k — 1/2q) + vu(1/24, k + 1/29))?
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|m+1/q]
+ Z 2" Al = 28+ Dk — 1/2g,k — 1/2) — 2yu(k — 1/2¢,k + 1/2q)

+7vu(k +1/2q,k +1/2q))°
lmt1/a) k-1

+ > 22”2 JAl = 2"+ 1) [yu(l = 1/2q, k — 1/2q) — 7u(l + 1/2¢, k — 1/2q)
k=2 =1

— vl = 1/2q,k 4+ 1/2q) +vu(l 4+ 1/2q, k + 1/2q)]2}

__ A 2 A ,
_W 2m(1/q)]” + W [271(1/q) — vu(1/2¢,1/29)]
+ I{Lm +1/q] > 1} ‘A||A‘|Ai|)) [10(1/q) — 276(2/q) + 7e(3/q)]?
[m+1/q] okl
+ |A|(|z(4‘[4| 3 = +1) e(k — 1/q) — 2ve (k) + ve(k + 1/q)]2
k=2
|m+1/q] |A|(|A| o+l 4 1) 2
+ Z (JA] = 1)2 [Ye(k) — ve(k + 1/q) — vu(1/2q, k — 1/2q) + vu(1/2q, k + 1/2q)]
\_m-‘rl/QJ 2k71|A|(|A| _ 2k+1 i 1)
+ (|A] = 1)2 [u(k —1/2¢,k — 1/2q) — 2vu(k — 1/2¢,k + 1/2q)

+ vk +1/2¢, k + 1/29)]?

[m+1/q] k—1

_ ok+1
+ X ZZW 'ﬁh 2; D (1= 1/20,k = 1/26) — 70+ 1/24,k — 1/2)
k=2 =

— vl = 1/2¢,k +1/2q) + vu (I + 1/2q, k +1/29)],
e when ¢ > 2

|A[Var [51(1/q)]

__ A 2 A .
[m+1/q] bl
jAl(1A] — 25+ 1 1) 2
T & qa—nz  (elk = 1/a) = 2e(k) +7e(k 4 1/g)]
[m+1/q] k1
! |A|(|3|AT—2 1+)2 U (k) — ek + 1/a) ~ (/20 — 1/20) + 72(1/20, 5+ 1/2)]
lm+1/q] 1 _ ok+1
+ > 2 |A|((|tl4||_ 12)2+ +1) [k — 1/2q,k — 1/2q) — 27 (k — 1/2q,k + 1/2q)
+Yu(k +1/2¢, k +1/29)?
[m+1/q] k-1 o1

—yu(l = 1/2¢, k +1/2q) +vu(l + 1/2q, k +1/2q)]”.

The facts that lg, — oo implies |A| — oo and lim 41— 00 ﬁ“:z =1 for any a,b € R complete the proof

of Theorem 2.2.2. O
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A.1.3 Proof of Theorem 2.2.3

Proof.

Cov [Yo(1/9),71(1/q)]

|A] g—1 2 1 (JA|-1)/2 , ,
=Cov { 5] 2= 2 (B = Ziwn) s qmarTny 2 [(Zia = Zain)® + (Zia = Zair101)°]

i=1 j=1 i=1
1 [Al (JA]-1)/2 q—1 ) )
= - Zsq — 4, 4+ (Zsq — 2, .
’L +1 9 E 2s)1 s 2s+1)1
4(q—1)|A\(|A\—1)i:ZI ; ; 511) " (Zoa = Zoan)” + (Zeg = Zass11) }

Similarly, since {Z;; :i € A,j =1,2,...,q} is a second-order Gaussian process, the joint distribution of
{Zis—Zj :i,j € A, s,t €{1,2,...,q}} is multivariate normal. The value of each summand depends on

the relative positions of (Zj1, ..., Zig) and (Zsq, Z(25)¢» Z(25+1)q)- This will be discussed in four scenarios.

I. Segments i, s are FC, i < s, and d(Z;q, Zsq) < |m| <m+1/q

- (Zsqg — Z(25+1)1)2

Cov | 3~ (Zij = Ziggan)” s (Zsa = Zizon)

Assume d(Ziq, Zsq) = k, k € {0,1,...,|m]}. For fixed segments i,s with d(Zq, Zsq) = k, let

d(Zij, Zsq) = 1/q, 1 € {gk+1,...,q(k+1) —1}. By the properties of the moments of a multivariate
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normal random vector,

Var [(Zi; - Zigan)’] =22%(1/a)f

Var | (Zsg = Zon)®| = Var | (Za = Zosiin)®] = 220(1/a)).
1) Ifk=0andl=1

Corr (Zij — Zi(j+1)s Zsq — Z(2S)1)
:COV (ZU — Zi(j+l)7 qu - Z(?s)l)

V270(1/q) - 271(1/q)
Cov (Zij, qu) — Cov (Zl'j, Z(25)1) — Cov (Zi(j+1)> qu) + Cov (Zi(j+1)> Z(25)1)

2v/70(1/g)n(1/q)
_=0(1/q) +7(2/9) = n(1/q)
2y/70(1/g)m(1/q)

and
Cov [(Zij ~ Zi+1)” s (Zoa — Z(zsnﬂ
V2o 21/ - | 2D ) 2
=2o(1/q) + (L) — %(2/a).
Similarly,
Cov |(Zij = Zig1)* s (Zoa = Zssin)’] =200(1/a) + 3 (1/a) = 7e(2/0)]
Hence

2

Cov [(Zz'j = Zigg+1) " (Zsg = Ziaon)” + (Zug - Z(2s+1)1)2]

=4[0(1/g) + 7 (1/9) = 7e(2/))*
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2) Ifk=0and =2

Corr (Zij — Zi(j+1), Zsq — Z(Qs)l)
_Cre(2/q) = Cpe3/a) = Cpe (1/9) + Cye (2/4)
2v/7(1/a)m(1/q)
_ = 29(2/9) +7e(3/9) + %0(1/q)
2y /a)m(1/q)

and
Cov [(Zz'j ~ Zig4n)" s (Zog - Z<28>1)2]

:\/2 [290(1/q))? - 2[2v1(1/q)]? - _2%(22%0(1/Q) |

=2 [v0(1/q) — 2ve(2/q) +7e(3/q))? -
Similarly,

Cov |(Zij — Ziggi1)* (Zea = Zassin)®] = 2100(1/0) = 27(2/) +7:(3/a))”.
Hence
Cov [(Zij ~ Zi541)”  (Zsg = Zoop)* + (Zsq — Z(zs+1)1)2]
=4[0(1/9) = 27e(2/9) +7(3/0))*
3) If 1 >3

Corr (Zij — Zi(j1), Zsg — Z(2s)1)
_Cre(l/q) = Cre [+ 1)/q) = Cre[(L = 1) /] + Cye (1)
2v/70(1/9)n(1/q)
_=29e(l/q) + e[+ 1)/q] +7e [(L—1)/q]
2/ (1/9)n(1/q)
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and

Cov |(Zij = Zig1)* s (Zoa = Zosn)’]

2
_ 2 > ) —2ve(l/a) + e[l +1)/q] + e[ —1)/q]
—\/2 {270(1/9)]" - 220 (1/9)] { N OEEA) }

:2{% (1 =1)/q] = 27(l/q) + 1 [(1 +1)/q] }2-

Similarly,

Cov (245 = Ziggen)? s (Zoa = Zowsnn)?] = 2 [0 = 1/a) = 22et/0) + e [0+ 1)/a] }

Hence

Cov (25 = Zigg)* s (Zeg = Zop)” + (Zoa = Zpsian)’)

:4{% (1= 1)/a] = 27e(l/q) + e [(1+ 1) /] }2-

The cardinalities of (i,s) pairs by k under the scenario that segments i,s are FC and ¢ < s is

tabulated in Table 14.

k # of Segments (i, s) Pairs

0 (JA] = 1)/2

1 (Al =1)/2-1=(|A] -3)/2

B (A= 1)/2— (28— 1) = (JA] - 21 4 1)/2

m) (4] = 1)/2 - (2™ — 1) = (J4] — 2lmH 4 1)

Table 14: # of segment (i, s) pairs by k& when i, s are FC and ¢ < s

Thus, the summation of Cov[zg;i (Zl-j — Zi(jﬂ))Q , (qu — Z(23)1)2 + (qu — Z(23+1)1)2} under

62



this scenario is

|A‘2_ L Y0(1/q) + 71 (1/q) — ve(2/q)]> + {qg > 3} - |A|2_ L [v0(1/9) — 2ve(2/q) + 7e(3/9))?
IS 0= /0 - 2070 + e [+ /) )
=3

[m] okl q(k+1)—1 )
e LS - 0/a) - 2e/a) e [0+ 1)/}

k=1 I=qk+1

—2(14] = 1) o(1/a) + 1 (1/a) — 7(2/a)] + Ha > 3} - 241 — 1) [10(1/a) — 27e(2/0) + 7 (3/a)]

20041~ )Y (e [0 = /g = 2000/0) + e [0+ /)

[m] B q(k+1)—1 )
202 ) Y el /e - 29e0/0) + e [0+ D/g) )

k=1 I=qk+1

II. Segments i,s are FC, i > s, and d(Zsq, Zi1) < [m]| +1/q

Without loss of generality, assume that segments 7 and 2s are also FC. Assume d(Z(4)1, Zi1) = k,
k € {0,1,...,[m]}. For fixed segments i,s with d(Zaq)1,Zi1) = k, let d(Zs1,Zij) = /g,
le{gk,...,q(k+1)—2}.

1) If k=0and =0

Corr (ZZ-- — Zi(j41)s Lsq — Z(2s)1)
_ Cov (Zij — Zitj11) Zsq — Z(asn)
V209 2n(1/g)
_Cov (Zij, Zsq) — Cov (Zij; Z(25)1) — Cov (Zi(j+1)> qu) + Cov (Zi(j+1)7 Z(28)1)
- 2y /9)n(1/q)
_—n(1/a) +7(2/9) —v(1/q)
a 2v/70(1/9)71(1/q) 7
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and

Cov | (2~ Zug0)” s (Zg = Zaop)’|
—0(1/q) +72/0) = n(1/0) ]

21 /g (1/q)

:\/2 270(1/9)]* - 2[271(1/9)] -

=2[v0(1/q) + n(1/q) — v.(2/0)]*.

Similarly,

Corr (Zi- — Zi(j_H), Zsq — Z(25+1)1)
:COV (Zij - Zi(j+1)7 qu - Z(23+1)1)

V20(1/9) - 2m(1/q)
:COV (Z’Lja qu) — Cov (ZZ], Z(25+1)1) — Cov (Zi(j+1)7 qu) + Cov (Zi(j+1)7 Z(25+1)1)

2y /9 (1/q)
_—n(1/a) +7u(1/29,1/29) +7e(2/9) — 7u(1/24,3/29)
2v/70(1/ ) (1/q)

)

and
2

Cov | (2 = Zig4n)" s (Zea = Zasran)]

=2 [m(1/q) = 7(2/a) — v(1/20,1/2q) + u(1/24,3/29)]" .

Hence

Cov [(Zij = Zig1)* s (Zoa = Zasp)* + (Zeg = Zawinn)”]
=2[0(1/q) +11(1/9) = 7e(2/))*

+2[71(1/q) = 7e(2/0) — u(1/24,1/2q) + vu(1/24,3/2q)]° .
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2) f k=0and =1

Corr (Zij — Zi(j1), Zsg — Z(2s)1)
 Cov (Zij = Zij 1), Zsqg — Z2e)1)
a V270(1/q) - 271(1/q)
:Cov (Zij, Zsq) — Cov (Zij, Zias)1) — Cov (Zija1)s Zsq) + Cov (Zij41) Ziasn)

2v/((1/a)m(1/q)
_ = 29(2/9) +70(1/9) + 7(3/9)

2v/%(1/a)7(1/q) ’

and
2 2
Cov [(Zz‘j ~ Ziggs1))" s (Zsg = Ziasn) } =2 [0(1/q) — 27e(2/a) + 7e(3/q)]*.
Similarly,
Corr (Zij — Zi(js1y, Zsg — Z25+1)1)
:COV (Zij — Zitj+1), Zsq — Z(2541)1)
V270(1/q) - 21(1/q)
:COV (Zij, qu) — Cov (Zij, Z(25+1)1) — Cov (Zi(j+1)> qu) + Cov (Zi(j+1)> Z(25+1)1)
2v/70(1/g)n(1/q)
_ =7e(2/9) +7u(1/24,3/29) +e(3/q) — vu(1/29,5/29)
2y /g (1/q) ’
and
2 2
Cov [(Zij - Zi(j+1)) ) (qu - Z(2s+1)1) }
=2 [7(2/q) — 7e(3/a) — u(1/24,3/2q) + vu(1/24,5/29)]* .
Hence

Cov | (25 = Ziz+n)” s (g = Zias)” + (Zoa = Ziasiy)’]
=2[0(1/q) — 27.(2/q) +7(3/9)]

+2[7e(2/9) — 7e(3/q) — u(1/24,3/2q) + vu(1/2¢,5/2q))* .
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3) If 1> 2

—27.[(1+ 1) /q] + v.(1/q) + vel(l +2)/q]
2v/7(1/q)1(1/q)

Corr (Zij — Zi(j+1)> qu - Z(Qs)l) =

i

and

2

Cov [ (Zy = Ziggs1)" (Zea = Zaon)*] = 2{0cl/0) = 20l + 1)/g) + 7l + 2)/(1]}2.

Similarly,

Corr (ZZ] - Zi(j+1)7 qu — Z(25+1)1)
_ el 4 1) /g + l1/2q, (20 + 1) /2] + e[+ 2) /] — vu[1/2g, (21 + 3)/24]
2¢/70(1/a)1(1/q) ’

and

Cov | (Zi = Zig4n)” s (Zea = Zasrin)

:2{%[(1 +1)/q] = ve[(l +2)/q] — vul1/2q, (20 + 1) /2¢] + vu[1/2q, (20 + 3)/2q]}2-

Hence

Cov [ ij — +1))2 (Zsq — Z(2s)1)2 + (Zsq — Z(25+1)1)2}

=2{7(1/a) ~ 20l + 1)/a] + 2l +2)/q]}

2l + 1)/a] = el + 2)/a) — al1/20, 21+ 1)/24) + [1/20, (21 +3)/24]

k # of Segments (i, s) Pairs

0 |A| —1

1 (J[A|—1)—2=14|-3

k (JA] = 1) — (2F —2) = |4] — 2F1 +1

m) (4] = 1) — (2Um —9) = a] —almitt 4

Table 15: # of segments (i, s) pairs by k& when i, s are FC and ¢ > s

The cardinalities of segments (i, s) pairs by k£ under the scenario that segments ¢, s are FC and i > s
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is tabulated in Table 15. Thus, the summation of COV[Z?;} (Zij — Zi(j+1))2 , (qu — Z(25)1)2 +

(qu — Z(Qsﬂ)l)z] under this scenario is

(1Al = 1) - 2[v0(1/q) + 1(1/q) — 7(2/a))?
+(JAl = 1) 271 (1/q) — Ye(2/q) — yu(1/2¢,1/2q) + vu(1/24,3/2q))
+ (JA] = 1) - I{g > 3} - 2[v0(1/q) — 27:(2/q) + 7(3/a)]?

+(JA = 1) - {g >3} - 2[ve(2/q) — 7e(3/q) — Yu(1/24,3/29) + 7u(1/2¢,5/29)]?

(141 - 1) Y2 ne/a) — 210+ 1)/g) + el +2)/q] )

+ (lA[ - 1) Z {vc [T+ 1)/a] = ve[(l +2)/a) — vu[l/2q, (20 +1)/2q] + vu[1/2q, (20 + 3) /2q]}

|
)

Lm] q(k+1)—

SIS 2t el D]+l D/l

l=qk
Lm) (k1) -2 )
304 =2 1) ST 2{nel(+ 1) ) = e+ 2)/a] = all/20, 2L+ 1)/20] + 7u[1/2, (20 + 3)/24) |
= l=qk
=2(1A] = 1) ho(1/9) + 71(1/q) —7(2/9)]*
+2(1A] = 1) b (1/q) = 7e(2/a) — 7u(1/24,1/2) + 7u(1/24,3/29))?
+1{g > 3} - 2(|A| = 1) [ro(1/q) — 27e(2/q) +7e(3/9))*

+1{g >3} - 2(14] = 1) [ve(2/a) = 7e(3/) — 7u(1/24,3/29) +~vu(1/24,5/29)]

+2(41 - 1) Y {re/a) 200+ 1)/g) + el +2)/q)}

=2

2141 = 1) S (el 4+ 1)/a) = 26l 4+ 2)/a] = ul1/20. 21+ 1)/24] + 7[1/20, 21+ 3)/24])
=2
[m] q(k+1)—2

+23 (A -2 1) Y Lel/a) — 20+ D/l el +2) g}
k=1

l=qk
[m] q(k+1)—2 ,
+23041-2" 4 3 {hel + 1)/a) = 7l +2)/a] = val1 /20, 2L+ 1)/24] +7a[1/20, 21+ 3) /2] } -

l=qk

III. Segments i, s are FU, and for (Z;1, Zs), max{a,b} < m+1/q

Assume for pair (Z;1, Zsq), a = (k—1)+1/2¢ = (2kg—2¢+1)/2q and b =1—1/2¢q = (2lg—1)/2q,
k,l € {1,...,[m]}. For fixed segments i,s such that for (Z;;, Zs), a = (2kq — 2q + 1)/2¢q and
b = (2lg — 1)/2q, let the distances-to-common-junction for (Z;;, Zsq) be a = (2u + 1)/2¢q and

b= (2lg—1)/2q,ue{qlk—1),q(k—1)+1,...,qk — 2}
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We have

Cov (Zij = Zi(j+1), Zsq — Z(2e)1)
=Cov (Z;j, Zsq) — Cov (Zij, Z(2s)1) — Cov (Zi(jJrl)) qu) + Cov (Zi(jJrl)’ Z(28)1)
=—"yu(anbaVbd)+yfaN(b+1/q),aV (b+1/q)]

+lla+1/g) Ab(a+1/q) VO] —vul(a+1/q) A(b+1/q),(a+1/q) V (b+1/q)].

Thus,

Cov [(Zij = Zigg+1) " (Zag - Z(zs)lﬂ
:2{%(cm byaVbh) —vala A (b+1/q),aV (b+1/9)]

—ulla+1/a) Ab(a+1/a) V] + 3ulla+1/a) A b+ 1/a), (a+ 1)V (b+1/)]} -

Since

2 2

Cov [(Zi5 = Zigg1)* s (Zsa = Zsn)*| = Cov | (Zij = Zig4n)” s (Zoa = Zasrn)’) -

we have

Cov [ (Zy = Zig1)* (Zsa = Zaan)” + (Zea = Zassan)’]
:4{'yu(a/\b,a\/b) —yaa A (b4 1/q),aV (b+1/q)]
—yulla+1/q) Nb,(a+1/q) Vb

Fllat 1/9) A +1/a), @@+ 1/g) v b+ 1/g)]} (213)
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) Ifk>1+1

When k >1+1,b<b+1/9g<a<a+1/q, then by (a.1.3),

Cov [ (Ziy = Zigg1)* (Zsa = Zaan)” + (Zea = Zassan)’]
=4[vu(b, ) = u(b+1/q,a) — vu(b,a + 1/q) + 7u(b+ 1/q,a +1/q)]°
24{%[(2561 —1)/2q, (2u +1)/2q] — vu[(2lq + 1) /2q, (2u + 1) /2q]

— l(2lg —1)/2q, (2u + 3)/2q] + 7u[(2lg + 1) /2, (2u + 3)/2Q]}2-

N Ihk<l+1,ie, k<l

When k <l,a<a+1/¢g<b<b+1/q, then by (a.1.3),

Cov [(Zz‘j - Zi(j+1))2 (Zsq — Z(25)1)2 + (Zsg — Z(25+1)1)2}
=4[yu(a,b) = yu(a,b+1/q) — yula+1/q,b) + vula + 1/, b+ 1/q)]”
=4{ul(2u +1)/2q, (2lg — 1)/24) = 7u[(2u + 1) /24, (2l + 1)/2

— Yul(2u +3)/2q, (2lg — 1) /2q] + vu[(2u + 3) /2¢, (2lg + 1)/2Q]}2-

The cardinalities of segments (4, s) pairs by (k,!) under the scenario that segments i, s are FU is

tabulated in Table 16.

K\l 1 2 3 l [m]

1 (1A =3)/2 (|Al=7)/2 (Al = 15)/2 (1] =2 +1)/2 (|1A] =21 4 1)/2
2 |Al -3 |A| -7 |A| - 15 |A] -2 41 |A] —2lm1+1 1

3 |A| =7 2(|A| = 7) 2(|A| — 15) 2()A =21 1) 2(JA| — 2[m1+1 1)

4 |A| — 15 2(]A| — 15) 22(|A| - 15) 22(|Al - 2" + 1) 22(|A| — 2™1F 4 1)
5 |A| — 31 2(]A| — 31) 22(|A| - 31) 2514 - 2" + 1) 23(|A| = 21+t 1)
k |A| —2F +1 2(]4] — 2% + 1) 22(JA] =2k +1) ... 2RAIFD=2( 4] _oRVUED Ly Lo k=2 4] — 2fmIFt )
[m] | |A] —2M™T+1  2(j4] —2M™T +1)  22(A] -2/ +1) ... 21714 — 2Mm1 1) s 2lmI=2( 4] — 2l )

Table 16: # of segments (7, s) pairs by (k,l) when i, s are FU

2 2

Thus, the summation of COV[Z?;} (Zl-j — Zi(jﬂ)) , (qu — Z(gs)l) + (qu - Z(2s+1)1)2} under
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this scenario is

Lil]:Z;lQllﬂfﬂ -2 +41) _%(;:21)4{%[(2@ = 1)/2q, (2u+1)/2q] — vu[(2lg + 1)/2q, (2u + 1)/24]
— ul(2lq ~ 1)/2q, (2u + 3)/24] + ul(2la + 1)/2q, (2u+3)/24]}
+ g:j;:_l?k_Q(lA -2 41 qi(; , 4{7ul2u+1)/24, (2lg = 1)/24] = ul(2u + 1)/24, (2lg +1)/2q]
= 7ul(2u +3)/2q, (2lg — 1)/2q] + vu[(2u + 3)/2q, (2lg + 1)/2q}}2
=§]§2”1(|A| -2¥+1) jkzs ) {ral(2ta = 1)/2q, u +1)/24) = 7[(2la +1)/24, (2u + 1)/2q]
— ul(2lg = 1)/2q, (2u-+ 3)/2q] + ul(2lg + 1)/2q. (2u+3)/2q) )
+ g:jkil?k(lfl -2 41 %(; , {rul2u+ 1)/2q, (20g = 1)/24] = 7u[(2u +1)/24, (2g + 1)/2

— Yul(2u + 3)/2¢q, (2lg — 1)/2q] + vu[(2u + 3)/2¢, (2lg + 1)/2q]}2~

IV. Otherwise

In this scenario, random vectors (Zi1, ..., Zig) and (Zsq, Z(26)1, Z(25+1)1) are uncorrelated, thus
q—1
2 2 2
Cov | > (Zij = Zig+1)" (Zog = Ziaon)” + (Zag = Zizsrn)”| = 0.
j=1

Summarizing I-IV, we have

|A|Cov [Fo(1/9),71(1/9)]

1Al (Al-1)/2 1
Zm Z Z Cov Z (Zis = Zii+1)* s (Zoa = Zaon)” + (Zoa — Z<2s+1>1)2]
ZW{Q(IAI — 1) [v(1/q) +7(1/q) = 7e(2/9))* + g > 3} - 2(]A| = 1) [yo(1/q) — 27:(2/9) + e (3/9)]?

+2(14] - 1) i {% (1 =1)/q] = 27.(1/q) + 7 [(1 +1)/q] }2
=3
L] q(k+1)—1

3204 -2 1) Y el - 1/d) - 2veW/a) + e [0+ 1/g] )

k=1 l=qk+1
+2(|1A] = 1) [vo(1/a) +m(1/a) —ve(2/a)]”

+2(]A] = 1) [v1(1/q) = 7e(2/a) = vu(1/24,1/24) + 7vu(1/24,3/29)]*
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+1{q >3} 2(14] = 1) [yo(1/q) — 27e(2/q) +7<(3/a)]”

+1{g >3} - 2(|A] = 1) [e(2/q) — 7e(3/a) — vu(1/24,3/24) + 7u(1/24,5/29))?
#2041 =) Y {ret/) — 20l + 1 /a) +2el0 + 2/

=2
20141 = 1) 3 (el + 1)/a] = 7el(U+ 2] = 7124, (20 -+ 1)/20] + 2[1/24, 21+ 3)/20) Y

=2

L] a(k+1)-2 )
230141 =2 4 1) S {helt/a) — 20l + 1)/al + el +2)/al |
Lm] a(k+1)—2 )

+23 04 =2 1) > {hel+ 1)/a) = el +2)/a] = vall /20, 20+ 1)/20] + 7a[1/20, (20 + 3) /2] }

[m] k-1 qk—2
3OS A= 2 +) S {hul2lg - 1)/24, (2u+1)/20) — ul(2lg + 1)/2g, (2u + 1)/2q]

k=2 1=1 u=q(k—1)

—ul(2lg — 1)/24, (2u -+ 3)/2q] +7u[(2lq + 1)/2q, (20 +3)/24)}

[m] 1 qk—2
Y O> 2R Al =2 1) Y {%[(% +1)/2q, (2lg — 1)/2q) — vu[(2u+ 1)/2q, (2lg + 1)/2q]

=1 k=1 u=q(k—1)

— 1ul(2u+3)/2q, (2lg = 1)/2q] + 7a[(2u + 3) /24, (21g + 1)/2q]}2}

= o(1/g) + 1 (1/g) — e (2/a)) + g > 3}

L b0(1/0) — 23e(2/a) + 7e(3/0)

qg—1 q—
# g 2 el 0 =2 el 1)/ )

1 &Aookt 4 R )
S Py el VIS CAGRE B URRER G D)

* ﬁ 1 (1/9) = 7e(2/9) = 7u(1/24,1/29) + 7u(1/24,3/29))”

+1{q>3}- ﬁ [Ye(2/a) —7e(3/a) — vu(1/2¢,3/2q) + vu(1/24,5/2q))

i ﬁ 2 (el 1)/a) = el +2)/a] = al1/20, 20+ 1)/24) + 71 /20, 21+ 3)/24]}

Lm]

s 2 HZ) (el 4+ 1)/0) = 20+ 2) /] = 301 /24, 21+ 1)/20) +7ul1 /20, (20 +3)20) )
N q_% g’g zlfl(lﬁl—j’“ +1) qu(z;) {rul(2la = 1)/20, (2u+ 1)/24) — 7u[(2la + 1)/24, (2u + 1) /2]

—[(20g — 1)/2q, (2u + 3)/24] + 7u[(21q + 1)/2q, (2u + 3) /2q]}2
. q% g; 2k_2(|?,l1f,2;+1 +1) quz(;l) {rul2u+1)/24, (21g — 1)/24) = 7[(2u + 1)/24, (2l + 1)/2q]

2

— Yul(2u+3)/2q, (2g — 1)/2q] + val(2u + 3)/2q, (2lg + 1)/2q) }

The facts that [s, — oo implies [A] — oo and lim| 4|, ‘fii\

of Theorem 2.2.3. O

=1 for any a,b € R complete the proof

—a
—b
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A.2  Proof of Asymptotic Normality of 7" (Theorem 2.3.1)

Proof. Let A1 and Ay be arbitrary real numbers (not both 0), and, recall that |A| = 2= — 1,

St = VIA{ M Fo(1/0) = 20(1/0)] + A2 [31(1/a) = (1/0)] }
|A] ¢—1
‘A|{)\ [ |A| ZZ ij = 'L(j+1 _70(1/61)]

=1 j=1

(14]-1)/2
1 ) )
+ A2 2(]4] - 1) Z [(Zz'q — Zoin) + (Zig — Zisin) ] — ’yl(l/q)] }

(1A= 1)/2
1
+ m Z |:)\2 (Zz'q - Z( 2i)1 ) + Ao ( iqg — Z(QH_l)l) — 4)\271(1/q):| }

q—1

Z Zi(j+1))2 - 2>\170(1/Q)]

i=1
1 |A] A —1
- \/W{ - WZ [q = (Zi = Ziggan)” = 2200 1/q)]
7j=1
1 |A] q— 1
m Z [q 1 Zij+)” — 2>\170(1/Q)]
]*1
[ A=y 2 2
+ 24— 1) Z; [AQ (Ziq = Ziin)” + M2 (Zig — Zgign)” — 4)\271(1/(1)} }

q—1
=V \A|{ - ]Aﬂ/\l—l [Fo(1/q) —0(1/9)] + (]A\ [q 1 Zl] Zl(j+1 ) - 2)\170(1/(1)]
7=1

1 |A] q— 1
W Z [q 1 Zi(j+1) 2>\170(1/Q)]
]=1
N 2 2
+ 204 - 1) z; [)\2 (Ziq = Zain)” + M2 (Zig — Zgigan)” — 4)\271(1/q)} }
(1A]-1)/2 -
- m > [)‘2 (Ziq — Z(?i)1)2 + X (Zig — Z(2i+1)1)2 + qil - (Zaij — Z(%)(jﬂ))Q

i=1 1

.
Il

-1

q
+ q)il 1 (Zi+1); = Zeisn+n)” — Pam(1/q) - 4/\170(1/(1)]
=1
q—1
- ]\2,\/% [Fo(1/q) —v0(1/q)] + (‘XF — Z (Z1j = Zaan)” — 2)\170(1/(])]
J=1
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(14]-1)/2
VIL TS,y = 2V )

EEERS Y= Ta
-1
\/W )\1 . 2
ToA =) | g =1 ; (Z1j = Zyj)” = 2070(1/9) | (a.2.1)

where py = E(Y;) = 4X2v1(1/q) + 4X170(1/q) and

qg—1
2 2 A 2
Yi =X (Zi2 = Zoin) + e (Zi2 = Zawan)” + =7 2 (Zeaig — Zoiien)
=1
. 2 . Al -1
+ 1 (Z2it1)j — Z2it1)(j+1)) i =1,2, .., 5 (7)

1

J
By definition, each Y; involves (2p+1) site around the node connecting segments 7, 2i and 2i+ 1. Hence

in Figure 4, every node is labeled with associated Y;.

It can be shown that

q—1
qA_l > (2 = Zigen)” —20m(1/a) | =ERe(1/) — w(1/)] =0,

J=1

and by Theorem 2.2.1, we have

Var [5o(1/q) —0(1/q)] = Var [Yo(1/q)] < co.
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Moreover, by the Cachy-Schwarz inequality

D=
Var | —= > (%1 = Zggen)” — 2M70(1/4)
7j=1
)\2 q—l q—l ) )
( _11)2 Cov {(le — Zl(j+1)) ) (Zlk — Zl(k+1)) }
q 7=1 k=1
Al 2 2 2 2
(q _ 1)2 (q - 1) - Var |:(le - Zl2) :| = 2)\1 [2’)/0(1/(])] < 00

Hence, by Chebyshev’s inequality, it can be shown that, as ls, — oo, which implies |A| — oo, the
second and third term of (a.2.1) converge to 0 in probability. Thus by Slutsky’s Theorem, if the first
term of (a.2.1) converges in distribution, Sj,, converges to the same distribution.

Define d(Y;,Y;) = d(Ziq, Zjq). Yi and Y, are defined as flow-connected if any Zj; formulating Y;
is flow-connected with any Z,,,, formulating Y;, otherwise Y; and Y; are defined as flow-unconnected.
For example, in Figure 4, Yo and Y4 are flow-connected, and Yg is flow-connected with Yy; Yo is
flow-unconnected with Y3, and Yg and Y7 are flow-unconnected.

Recall the number of levels of a stream network lg, = logy(|]A| + 1). The number of levels of
Y.’s ly = lsn —1 = logy(|A| + 1) — 1. For example, in Figure 4, the number of segments |A| = 63,
lsn, = logy(|A| +1) = 6 and Iy = 5. In order to construct independently and identically distributed
random variables, given the number of levels of Y;’s [y and m-(2m+1/q)-dependence, the construction

of {Xi, i} sequence is as follows:
Step 1. Split Y;’s to either below and including level [ly /2] or above and including level [ly /2] + 1.

Step 2. For each Y; at level [ly /2] — [m + 1/q| + 1, i.e., the level that is |[m + 1/¢] — 1 levels below
the top level of the bottom split, treat all Y;’s on the sub-stream with Y; as the outlet and
above (and including) level [ly /2] 4+ 1 as one group. It can be shown that Y;’s at level
[ly /2] = [m +1/q] + 1 are Yyriy j21-1m+1/a), Yorty /21— Im+1/a) 415 s Yolty /21— lm+1/a)+1_1-

Step 3. Define sets

Q: ={j: Y, above (and including) level [ly /2] + 1, and FC with Y; at level [ly /2] — |m + 1/q] + 1}.
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Construct sequence {Xj, ;} as

1

Xiy i

> (Y; —pv),

\/)Qgrzwzumﬂm +z>1‘ JEQ, My /21~ m+1/al 15y
for i =1,2,...,2lv/21=lm+1/4] " Tt can be shown that, given ly,

Thus

1
v 2L/l (2l /2] - 1) jeg

Z (Yj - IUY) ’

olly /2]1—1m+1/q] 4i-1

for i =1,2,...,2llv/21=Im+1/q]

********** T YW —- W/, _\ry 1S 17
NP\ b I / JT /
“ [ P o 7/

. A P o s
. b P £y ’

N L P T v
5 Xs,1 ) A Xs,2 f i Xs3 / i Xs,4 4
5 Y ] i ! ; i
N . | | | \.‘ ff | //

Yo o Yo L\ v, Yu | Vi /R TN TR Yis
A Ys Ys ¢4
Yz Ys
Y1 1

Figure 4: Y;’s in a 6-level rooted binary tree stream network
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Figure 4 shows an example in a 6-level stream network, when ¢ = 2, under 0.5-1.5-dependence.
ly =5 and the split of Y;’s is below level [ly/2] = 3 and above level [ly /2] + 1 = 4. The sequence of
{X5,} has length of 2[5/21=105+1/2] — 4 and each X5, contains 29-5+1/2] (2L5/2J —1)=6Y,’s.

Yis

Yio Y11 Y1z Y1z Y Yis

Y1 [

Figure 5: Y;’s dependent with Yy in a 6-level rooted binary tree stream network (circled)

X}y i has two nice properties:
P1. E(Xi, ;) = 0, which is trivial.

P2. Var(Xy, ;) = 0')2(le — 0% as ly — 0o, for some 0% < o0.

76



Proof.

1
T olmt1/q] 2l = 1)

> > Cov (Y; — py, Yi — pry) -

JEQ, 1y /21~ Im+1/a) 4 ;_y KEQ,T1y /21~ Im+1/a) ;4

VaI‘(XlYJ')

For a fixed j, the value of >, Cov (Y; — py, Yy — py) depends on the location of Y;. Since {Z;;}
is m-(2m+1/q)-dependent, the dependence among {Yj} is also within a limited range in FC or
FU dimensions. Thus, the largest possible number of non-zero Cov (Y; — py, Yi — py) is finite

and invariant of sufficiently large |A|. Define this number as Ny

For example, when ¢ = 2 and m = 0.5, Y4 in Figure 5 is dependent with Y5 from downstream,
with Yg and Yyg from upstream, and with Y5 from FU part. While for Yy, it is only dependent

with Y and Y3, 3 Y,’s including itself. Hence when ¢ = 2 and m = 0.5, Ny = 5.

For a fixed X;, ;, it contains [ly/2] levels of Y}’s, starting with 2lm+1/4q Y;’s on first level,
olm+1/al+1y s on second level, till 2L0v/2/+Im+1/al=1 Y ’s on top level. The Y,’s on the levels
close to the top or bottom will each has less than Ny dependent Yj’s. The cases of Y;’s are

summarized in Table 17.

# of Dep. Yi's # of Dep. Yi's

Case Level within X, ; #of Y;'s Upstream Downstream
1 1 glm+1/q] 9 (2lm+1/al _ 1 0
2 2 olm+1/q]+1 9 (olm+1/41 _q 1
[m+1/q] [m+1/q) glm+1/q]+[m+1/q]-1 9 (olm+1/al _ 1 [m+1/q] —1
[m+1/q] +1 [m4+1/q] +1, ..., [Iy/2] — [m +1/q] olly /2]=[m+1/ql+|m+1/q] _ 9lm+1/q]+[m+1/4q] 9 (olm+1/4al _ 1 [m+1/q)
[m+1/q] +2 lly /2] — [m+1/q] + 1 olly /2]~ [m+1/q]+|m+1/a) 9 (2[m+1/<ﬂ71 _ 1) [m+1/q)
2[m +1/q] iy /2] -1 gliy /21 lm+1/a)=2 2 fm +1/4]
2[m + 1/q] +1 Liv /2] ltv /21 +lm+1/a) 1 0 [m + 1/q]

Table 17: Summary of Y;’s in a fixed X, ;

Since {Z;;} is second-order stationary, the value of ), Cov (Y; — py, Yi — py) within each case
of Y; is constant. Define the values of ), Cov(Y; — py, Yy — py) under Case i as 7, @ =
1,2,..,2[m + 1/q] + 1. By gaussianity of {Z;;}, E(ij) < oo. Hence, for fixed A\; and Ag,

E(Y?) < o0, and 02 = Var(Y;) < oo, and 7;’s are all bounded for i = 1,2,...,2[m + 1/q] + 1.
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Then

1
~olmt1/q] (/2 = 1)

Var(XlY’Z-)

[2Lm+1/qJTl b olmVal iy, oy olmtt/al4imel/al -1y

+ <2UY/2J—(m+1/q1+Lm+1/qJ — glmt1/al+lm+1/ qj) Trm41/q]+1

+ ol /2)=[m+1/q]+[m+1/q] Thmt1/ql42 +

4 oliv/2]+m+1/q] -2 oliy /2)+lm+1/a)-1

Tolm+1/q] T (m+1/q1+1}

1 1

= STmti/q) Tmtl/al 1t Shagayg Timt1/al+2 o F 5aT2lmt1/q] T g T2 mt1/q]+1
1 [m+1/q]+1 1

T ofmt1/ql+1  [mt1/ql+1 T Z ST/ —it2 TTm+1/al+i < 90

i=1

as ly — oo. Let 0'>2( be the limit of Var(X;, ;) completes the proof of P2 of Xj, ;. O

Recall ly = g, — 1 = logy(|A| +1) — 1, thus |A] = 2¥T1 — 1. Iy — oo if and only if |A| — co. Then

1 (IAIXE)/2
—e———r (Yi — py)
V (‘A‘ - 1)/2 i=1
2ly —1
— e Y (Y y)
2v =1 i=1
1 olly /21_q 1 2ly —1
= R (Yi = v)
Vol — 1 ; ' Jolv — 1 2-2%;/21 ‘
2ty /21 _1 \/2|_m+1/qJ (2l /2] — 1) 2Mtv/21-lm/al
= Y (Yi-py)+ > X1y - (a.2.2)
A Vol —1 =1

By the fact that at most Ny Y;’s are dependent with a fixed Y; (including Y; itself), as well as
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Cauchy-Schwartz inequality, we have

olly /211
1

Var Vo] ; (Yi — py)

olly /21 1 9lly /211

:ﬁ Z Z Cov (Y; — py, Yj — py)

=1
PE L N o),
—2ly -1 Z NYUY o2ly 1 TY>

where 02 = Var(Y1). By gaussianity of {Z;;}, E(Z%) < oo and E(Z%) < oo. Hence, for fixed A; and
Y Yy & y J i 17

A2, 0% = Var(Y1) < oo, and the upper bound above converges to 0 as ly — co. Besides,

olly /21 _q olly /21 _q

Wi Z (Y; — py) :\/2137_1 Z E(Y; —py) =0.

Thus the first term of (a.2.2) converges to 0 in mean square. Berry-Esseen Theorem, Theorem 3.4.4

in Durrett (2013), is used to show the asympotic normality of the second term of (a.2.2).
Theorem A.2.1. Let X1, Xo, ... be i.i.ds with E(X;) = 0, E(X?) = 0% and E(|X;[?) = p < .

If F,,(z) is the distribution of (X1+ ...+ X,)/ov/n and N () is the standard normal distribution,
then

3p
sup [Fo(z) — N(2)] < Py

For sequence {X, ;}, the following conditions, required by Berry-Esseen Theorem, can be shown:

1) E(X), ) = 0.

1
\/th+1/qj (2iv/2) — 1)

E(le,i) =

ZE(Yj —py) = 0.

2) E(XZQY ;) = Var(X;, ;) = U%jly > 02, and 02 > 0.
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Proof.

1
VarRiy ) = serizar g — 1) > > Cov (Yj =y, Y = piy)
JEQ, M1y /21— m+1/a) ;4 FEQyTty /21— Im+1/a) 1,
1 2
= 2lm+1/a] (2Uv /2l — 1) > Y
TEQ [ty /21— Im+1/a) 454
_ 1 Lm+1/a] (gliy /2] 2 _ 2
T olmi/a] 2Ly /2] = 1) 2 (2 - 1) Ty =Y

Moreover, by (7), 0% = Var(Y;) = 0 if and only if Y; is a constant, which is the case if and only if

A1 = A2 = 0. However, A\; and Ay are not both 0 by requirement. Hence J% > 0. O
3) E(|Xy, 4]?) < p for some p < oo.

Proof. By the fact that |3 < 1+ 2% for x € R, E(X?y,i) is bounded implies that E(|X,. ;|?) is also

bounded. Furthermore,

E(X} ;) = Var(X}, ;) + [E(X}, )] = Var(X3, ;) + [Var(X;,. ;)] (8)

ly i ly i ly i

Since at most Ny Yj's are dependent with a fixed Y; (including Y} itself), also by the Cauchy-

Schwartz inequality,

1

Var(Xyy i) = 2lm+1/a (2liv/2] — 1) ZZ};COV (Y; — py, Yi — py)
J
1 5 )
< 2lm+1/4] (2lv /2] — 1) ZNon = Nyoy. (9)
J
Furthermore
Var(X7, ;)
1 2
=Var Z (Y; — MY):|
V/2m+1/al (21 72T — 1) . j

1
=Var |:2Lm+1/qj (2lv /2] — 1) sz:(yj —py) (Ye — MY)]
J

1
2lmt1/a)+1 (2Lv /2] —

2 ZZZZCOV (Y5 = pv) (Y = pv), (Yo = pv) (Yom = v )] (10)
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For fixed j, k, by the Cauchy-Schwartz inequality,

Cov [(Y; — py) (Y —py), (Y1 — py) (Y — py)]

S\/Var (Y5 — py) (Y — py)] \/V&T (Y1 = py) (Yo — py)], (11)

and

Var[(Y; = iy) (e = iy)] < B [(Y; = py)? (Ve = oy )?]
= Cov [(Y; = iv)?, (Vi = y)*| + E(Y; = py) B (Yg — oy )?
< Var {(Yj - ,uy)Q} + 0%

2 4
= O'YQ + UY7

where 02, = Var [(Yl - My)Q]. By gaussianity of {Z;;}, E(ZZ-SJ-) < 00. Hence, for fixed A\; and Ag,
E(Y}) < 00, and 0%, < co. Thus by (11),

Cov [(Y;j — i) (Ye — py) , (Y1 = poy) (Yom — piy)] < 0% + 0y < 00 (12)

For fixed j,k, Cov [(Y; — py) (Yi — py), (Yi — py) (Y — py)] # 0 if and only if either one of the

following conditions holds:

(c1). both Y; and Y, are dependent with either Y; or Y}

(c2). one of Y; and Y, is dependent with on either Y; or Y, and the other is dependent with first

one but is independent of Y; and Y

The maximum number of dependent Y;’s with given Y; and Y, is 2Ny, assuming no overlapping
of dependent Y;’s from each one. Thus the maximum number of (Y;,Y,,) pairs satisfies (cl) is
(2Ny)? = 4N52/. Assume Y is dependent on either Y; or Y;, which has 2Ny possible choices at
most. Possible choices of Y,, that depends on Y; is at most Ny. Thus the maximum number of
(Y1, Yy) pairs satisfies (c2) is 2 x 2Ny x Ny = 4NZ. Thus, by (10) and (12),

Var(XlQY,i)
1
T olmt1/al+1 (2lv/2) — 1)? ZZZZCO" (Y5 = pv) (Yo = po), (Yo = o) (Ym — )]
i k I m

- 1
= olm+1/al+1 (2liy /2] —

7 Z zk:(m% + 4N ) (032 4 0%) = 8Ny (052 + 0v) < 0. (13)
J

81



By (8), (9) and (13),

B(1Xiy i*) <1+E(XG, )

=14 Var(XlQYVZ-) + [Var(le,i)]z

< 1+ 8Ng (0% +0y) + (Nyoy)?.

Let p =1+ 8NZ (02, + 0y) + (Nyo%)?. Then E(|Xy, 4;]*) < p and p < cc. O

Given ly, define the number of Xj, ;’s as nx = olly/2]=Im+1/a] g6 that ly — oo is equivalent to
nx — 00. Fj, n, as the distribution function of (X, 1 + ... + Xjy ny)/0x 1y /nx. With condition 1),

2) and 3), by Berry-Essen Theorem (Theorem A.2.1),

3 3
SUp [ Fiy e () = N(2)] < 22 < 2P

z€R o U‘%JY‘/TLX B J%,/nx.

Then, the distribution function of (Xj, 1 + ... + Xiy ny)/0x.1y /X converges uniformly to the distri-

bution function of a standard normal as ly — oo, i.e.,

1 X d
N TX s A N0, 1),
UX,ZY\/@; v (0.1)

as ly — oo. By property of ag(,ly, P2 and Slutsky’s theorem

as ly — oo. Thus,

1 _ 1 4 )
VX 2. Xuvs = V2l 72— [m /4] Z Xiy i = N(0, %), (14)

i
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as ly — oo. Thus, by Slutsky’s Theorem, the second term of (a.2.2)

\/2|_m+1/qj (2lv/2) — 1) 2ty /A-tmeisal

Volv —1 ; Xy i
Vol 2l Z 1. /ol /2] . ofty /21~ Lm+1/a) o
N No V2l ATt 1] ; tri = N0, %),

as ly — oo. Then, again by Slutsky’s Theorem, (a.2.2)

1 (AIZE)/
\% |A| - 1 =1

2lly /211 olly /2]-1
1 N ]
= Y (Yi—py)+————— ) X S N(0,0%),
Voly =1 & o — 1

i=1

as ly — oo, i.e., as lg, — 00. Hence, the first term of (a.2.1)

(1A]=1)/2

2()Al -1

(141-1)/2
:\/gé(]A(||f|1; 1)/2 JIA\% z; —iy) % N(0,02/8),

as lsy, — 00. 9y, converges to the same distribution. Since A\; and Ay are arbitrary, by the Cramér-Wold

i=1

device, the random vector

JA Yo(1/q) —0(1/q) 4\ (0, 5™,
Y (1/q) —n(1/q)

as lgp, — oo for some X", The elements of 3™ are identified by Theorem 2.2.1-2.2.3. ]

83



A.3 Proof of Theorem 3.3.1

Proof. The pointwise convergence of two convariance functions will be proved separately.

1. Pointwise convergence of C.(h)

For fixed h > 0,

Q

Ce(h) = "(—x)g" (—x = h) du
g(—z)g(—z — h)- I{(O <—z<m+1l/g)Nn(0< —z—h<m+ 1/(1)} du

g(—z)g(—x — h) - 1{(—m —1/g<z<0)N(-h—m—-1/g<z< —h)} dz
g(~o)g(~z —h) - (-m—1/g< e <O)N(~h-m-1/g<z<—h)} de.

By unilateral property of g(-),

Cre) = [ g-atat-a 1) da
A B (PR P TR}
h
_ /OO g(=)g(~x—h) (@ <0)N (@ < )} da

_ /oo g(—2)g(—x — h) -z < —h} da.

Define f"(z) = g(—z)g(—z —h) - I{(-m —1/g <z <0)N(-h—m—1/¢ < x < —h)} and

fe(z) = g(—x)g(—x — h) - I{z < —h}. Then

fEY @) = £ (@)
=g(—z)g(—x —h) - I{(—m— 2/g<zxz<0)N(-h—-m—-2/g<z< —h)}
—g(—z)g(—x — h)~I{(—m —1/¢g<z<0)N(-h—-m-1/¢g<z < —h)}

0 ifm<h-—2/q,

=\ 9(—2)g9(=x —h) - {-m —2/g <z < —h} if h—2/g<m<h-1/q,

g(—z)g(—x —h) - {-m—-2/¢<z<-m-—1/q} ifm>h-1/q.

\
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By non-negative property of g(-), cmﬂ/q(a:) — fi"(x) > 0, or meH/q(a:) > fi"(z) > 0 for any

z € R. When m > h — 1/¢, again by non-negative property of g(-),

o) = 1) = g(=a)g(—x = h) - (o < b} ~I{-m ~1/q <o < ~h})

=g(—z)g(—z —h) - Hz <—m —1/q} > 0.

By the fact that g(-) is non-negative and g | 0 (since square-integrable), the difference above

implies
sup |o(@) = 12 (x)| = sup [g(~a)g(~a — h) -z < —m —1/q)]
=g(m+1/q)g(m+1/q—h)—0
as m — oo, which implies f™ — f pointwisely as m — oco. Then, by Monotone Convergence

Theorem, f™*1/4 > fm >0, f™ — f pointwisely as m — oo and the boundedness of g(+) implies

that

Cie(h) = /_OO fM(x) de — /_OO f(x) dv = Cy.(h) as m — oc.

Since h > 0 is arbitrary, C'/.(h) converges to C(h) pointwisely.

. Pointwise convergence of C7, (a,b)
For fixed b > a > 0,

7 (a,b) = / g™ (~2)g"™(~x — (b — a)) da

—00

—b
— [ ot-n)gl-a- -
I{(og —2<m+1/g)N(0< -2 —(b—a) Sm—i—l/q)} dx

—b
~ [ ot-n)gl-a- -

I{(—m—1/q§m§0)ﬂ(—b+a—m—1/q§xS—b—i—a)} dx
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- [ st — - a)

I{(—m—l/qSxSO)ﬂ(—b—&—a—m—l/quS—b—i—a)ﬂ(azg—b)} dx.
By unilateral property of g(-),

b
Cty(a,b) = /_ g(—z)g(—z — (b—a)) dz

2)g(—z — (b— a))-I{(o <-—2)N(0< —z— (b a))} dx

I
—
Lg L
=y
[

(—x)g(—z — (b—a)) - I{z < —b} dx.

I
I
3 8

Q

Define

fi' (@) = g(=x)g(—z — (b — a))-
I{(—m—l/q§xSO)ﬂ(—b+a—m—1/q§xS —b+a)N(zx < —b)}
=g(=z)g(—z—(b—a)) - {-m—1/¢g <z < -b},

ful@) = g(=2)9(—x — (b—a)) - I{z < —b}.
Then

(@) — ()
=g(—x)g(—z — (b—a)) - {-m —2/q < < b}
—g(=x)g(-x = (b—a)) - {-m—1/¢g <z < -b}
0 if m < b—2/q,
=\ 9(—2)g9(—2 — (b—a)) - H{-m —2/g <x < b} ifb—2/g<m<b—1/q,

g(—x)g(—z — (b—a)) - {-m—-2/g<zx<-m-—1/q} ifm>b-1/q.

By non-negative property of g(-), f;nﬂ/q(x) — fi"(x) > 0, or f£n+1/q(aj) > fi(z) > 0 for any
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x € R. When m > b — 1/q, again by non-negative property of g(-),

fule) = £(@) = g(=w)g(~x — (b~ ) - (I{z < ~b} ~I{-m ~1/g < v < ~b})

=g(—z)g(—x— (b—a)) -z <-m—1/q} > 0.

By the fact that g(-) is non-negative and g | 0 (since square-integrable), the difference above

implies

Sl;p fulz) — f;n(fv)‘ sgp [g(—:r)g(—:n —(b—a)) - Yz <-m-—1/q}

=g9(m+1/q)g(m +1/qg—(b—a)) =0
as m — oo, which implies f;* — f,, pointwisely as m — co. Then, by Monotone Convergence

Theorem, me/ > fm >0, f™ — f pointwisely as m — oo and the boundedness of g(-) implies

that

Cru(a,b) = /_OO fil(z) de — /_OO fu(z) dv = Cpy(a,b) as m — oo.

Since b > a > 0 are arbitrary, C7, (a, b) converges to C,(a, b) pointwisely.

A.4 Proof of Theorem 3.4.1

Proof. This proof will elaborate o535 — 022 < 00 as m — oo. o] — o011 < 00 and o5 — 012 < 00 as

m — 0o can be proved in similar fashion.
By Theorem 3.2.1,

oy =5 AT (/0 + 5 2 (1/a) — 70 (1/20,1/20))% + g =2} -1 [m + 1/a) > 1} b (1/a) — 297" (2/) + 2" (3/a)]?
+1{g > 3}~I{Lm+ 1q) 2 1} (1= 1/q) = 2900 (1) + 70 (L + 1/g))

+Z[% (k—1/q) = 29" (k) + " (k + /)

+Z[% — 3 (k +1/q) — v (1/2¢,k — 1/2q) + 7' (1/24, k + 1/2))?
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+ ) 2 it (e — 1/2q,k — 1/2q) — 29 (k — 1/2¢,k + 1/2q) +vi' (k + 1/2¢, k + 1/29)]?

£
Il
-

k-1

2' [y (1= 1/2q,k — 1/2q) — v (1 + 1/2q,k — 1/2q)
1

NgE

Jr

B
[|

21

— (= 1/2q,k +1/2q) + 7' (1 + 1/2¢,k + 1/29)]%, (a.4.1)

and 033" = 043, By Theorem 3.3.1, C’]Cré(h), C}’L(a,b) converges to Cc(h), Cpy(a,b) pointwisely as

m — oo. Then, as m — oo,

' (1/q) = CFi(0) = CFe(1/q) — Ce(0) — Cre(1/q) = v0(1/q),
W' (1/q) = CFi(0) = CFe(1/q) — Ce(0) — Cre(1/q) = 1(1/q),

et (h) = CF(0) = CFe(h) = Cpe(0) = Cre(h) = ve(h).

Then, as m — oo, the first four terms of (a.4.1) converge to the first four terms of o92. The proof of

Theorem 3.3.1 with Monotone Convergence Theorem implies that
By (15) and the Cauchy-Schwartz inequality, the summand of the fifth term of (a.4.1)

e (k= 1/a) = 208 (k) + 72 (k + 1/9))?
= [~C(k — 1/q) + 2CT(k) — C(k + 1/q)]?
<3{[CT(k = 1/ + RCERI + [Chlk +1/a)?}

<3{ (Cpelh — 1/0))2 + [2C1e (k) + [Cpelb + /) }. (16)

The absolute summability of Cf.(-) implies Cy.(h) — 0 as h — oo. Then there exist N > 0 such that,
for any k > N, |C'fc(k: — 1/q)| <lor [Cp(k—1/q) < ‘C’fc(k: — 1/q)‘. Then

> 3{[Crelk = /@) + [2Co(k))? + [Crelh + 1/}
k=2
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Mz

3{[Crelle = 1/q)? + 4[Cse(R)]? + [Cpelle + 1/0))*}

e
[|

2

£ 37 3{(Crell = /@) +4IC1 (]2 + [Cre(k +1/0)?}
k=N+1

N N N
32 Crelk =1/ + 123 [Cre(k)? + 3> [Crelk +1/g)]?
=2 k=2 k=2

+3 Z Cre(k = 1/q)| +12 > |Cre(k)]+3 > |Crelk +1/q)|

k=N+1 k=N+1 k=N+1

N N N 00
<3 [Cre(2 = 1/q))? +12) "[Cre(2)] + 3D [Cre(2+ 1/q)* + 18> |Creli/q)| < o0. (17)
k=2 k=2 k=2 =0

By Dominated Convergence Theorem for Sums, (16) and (17) and pointwise convergence of C7..(h) to

Cfc(h) implies that, as m — oo, the fifth term of (a.4.1)

STk = 1/q) — 297 (k) + A (k + 1/q))?
k=2

=Y ek = 1/q) = 27ve(k) + ve(k + 1/q)]* < oc. (18)
k=2

By (15) and the Cauchy-Schwartz inequality, the summand of the seventh term of (a.4.1)

2
28 = 120,k = 1/26) = 290 = 1/20 k4 1/20) 490+ 120, -+ 1/20)

2
=ok-1 [ — Ch(k—1/2q,k — 1/2q) + 2CT(k — 1/2q, k + 1/2q) — CFi(k + 1/2q,k + 1/2q)]
§3{2’“—1 (O (k — 1/2q,k — 1/2¢)]* + 2M L [C1 (k — 1/2¢,k + 1/2¢)]”

+ 28 [k +1/20,k +1/20)] . (19)
The absolute summability of Cy,(-) implies that 2i/2}Cfu(1/2q +4/a,1/2q +i/q)| — 0 as i —
oco. Then there exist N > 0 such that, for any 7 > N, 2i/2}0fu(1/2q +37/q,1/2q + z/q)‘ < 1or

20 [Cru(1/29+ j/q,1/2q + i/q))* < Zi/Q‘Cfu(l/Qq—i—j/q, 1/2q+i/q)|. Then by the fact that 2i/2‘Cfu(1/2q+

j/a, 1/2q+i/q)‘ < oo for any ¢ € N,
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]2

3{24 7 [Crulk — 1/24,k = 1/20)1” + 2 [Crulk — 1/20,k +1/2q))

B
Il
—

+ 281 [Cru(k + 1/2¢, k + 1/29)] }

N
23{2’“ LCru(k —1/2¢,k — 1/2¢))* 4 281 [Crou(k — 1/2¢, k + 1/29)]?
k=

—

+ 2871 [Cru(k + 1/2¢, k + 1/29)] }

- i 3{2’“*1 [Crulk —1/2q,k — 1/2¢)]> + 28T [Cpu(k — 1/2¢,k + 1/2¢))°
kE=N+1
+ L[k + 1/2q, k + 1/29)) }

N N

<3 2N Cpu(k — 1/2q,k = 1/29))° +3) 2" [Cpu(k — 1/2g, k +1/29)]
k=1 k=1

N
+3) 2" Cru(k +1/2¢,k + 1/29))°

k=1
+3 Y 2WDR|Cp (k- 1/2q,k - 1/29)] +3 Y 2FTDRICy, (k- 1/2¢,k + 1/29)]
k=N+1 E=N+1

+3 ) 2% DR|Cp (k4 1/2q, K + 1/29)]
k=N+1

N N
<3 2 [Crulk — 1/2q,k — 1/29))* + 3 2" [Cpu(k — 1/2q, k +1/29)]?
k=1 k=1

N
+3Y 2" Cpy(k +1/2¢,k + 1/29))
k=1

oo 1
+6v2) > 292|Cru(/q + 1/2q,i/q + 1/29)| < oc. (20)
=0 j=0
By Dominated Convergence Theorem for Sums, (19) and (20) and pointwise convergence of C! (a, b)

to Cry(a,b) implies that, as m — oo, the seventh term of (a.4.1)

(e o]

3 2k l[v (k—1/2q,k — 1/2q) — 29 (k — 1/2q,k + 1/2q) + 7"k + 1/2¢,k + 1/2q)
k=0

3 = 120k = 1/20) = 2~ 120 k4 1/2)

2
+y0(k+1/2¢,k+1/2q)| < oc. (21)

2
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Similarly, other terms of (a.4.1) converge to the corresponding terms in o92. Then by (a.4.1), (18) and
(21), oy = ohs* — 092 < 00 as as m — 0o. Recall that o]} = o}* — 011 < 00 and o7 = 075" — 012 <

o0 as m — oo can be proved in similar fashion. This completes the proof. ]

A.5 Proof of Theorem 3.6.1

Proof. This proof shows that g9 Ly 599 as lg, — 0o. The consistency of o117 and 12 can be proved in

similar fashion. By Theorem 2.2.2,

o3 :% [271(1/9)]* + % (271 (1/q) — vu(1/24,1/29)]° + T{q = 2} - I{ lm+1/q] > 1} o (1/q) — 2ve(2/9) +7e(3/0))°

+1{g >3} 1{m+1/g) > 1} el = 1/g) = 296(1) +7(1 + 1/g)]?
lm+1/q]
+ Z 71/(1 72'76(k)+76(k+1/q)]2

Lm+1/qJ
+ Z —Ye(k +1/9) — vu(1/24,k — 1/2q) + 7u(1/2g, k + 1/2¢)]*

Lm+1/qJ
+ Z vk —1/2¢,k — 1/2q) = 2yu(k — 1/2q, k + 1/2q) + yu(k + 1/2¢,k + 1/29))?

Lm+1/qJ k—1

+ >0 S 2 - 1/20.k — 1/2q) — yu(l +1/2¢.k — 1/2q)

—yul(l = 1/2q, k +1/2¢) + v (I + 1/2q, k + 1/2¢)]*.

By Theorem 2.4.1 and Theorem 3.2.1, for any m € {z/q: x € N4},

om Lol = ol as Iy, — 0. (22)

By Theorem 3.4.1,
O95 — 092 as M — 0. (23)
Since A*(h) = A.(h) and 7" (a,b) = 7u(a,b) on the same stream network. For any fixed I, the

difference of 792 and 53"
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622 — 5% =Hq = 2} - 1{ m + 1/q] <1} - Fo(1/q) = 27:(2/9) +7:(3/a))

+1{g >3} 1 [m+1/q) <1} [l = 1/g) = 25(1) +3e(1 + 1/g))°
> Felk—1/) = 25e(k) + ek + 1/q))?
k=|m+1/q]+1

oo

+ ) Felk) = Ak +1/q) — Fu(1/2q,k — 1/2q) + Fu(1/2q, k + 1/29)]?
k=lm+1/g]+1

[ee]

+ > 2" Rulk = 1/2q,k — 1/2q) — 29u(k — 1/2¢,k + 1/29) + Fu(k + 1/2q, k + 1/2¢)]
k=|m+1/q]+1

oo

k—1
+ 03 S Ful - 1/20.k — 1/2) = Fu(l + 1/20,k — 1/29)
k=|m+1/q]+1 I=1

—Fu(l = 1/2¢,k +1/29) + Fu(l + 1/2q, k + 1/2q)]*. (a.6.1)

The next step is to find the limit of E(c22 — 0%3) as ls, — 0o, which is merely the sum of the limit

of the expectations of terms in (a.6.1). Since

E Y. Felk=1/q) = 29:(k) +Fe(k + 1/@))| p < E(G22) < supE (d22) < oo,
h=lm+1/q)+1 fon

by Fubini’s Theorem,

E{ >, Belk—1/g) —2%(k)+%(k+1/q)}2} = Y ERck—1/a) = 25:(k) +7e(k + 1/9).

k=lm+1/q]+1 k=m+1/g]+1

Furthermore, by the fact that 7.(-) is a method of moments estimator of ~.(-),

E [/p)?c(k - 1/Q) - Q;Y\c(k) + ;Y\c<k + 1/Q)]2
=Var [Je(k — 1/q) — 29c(k) + Fe(k + 1/q)] + {E [Fe(k — 1/q) — 27:(k) + Fe(k + 1/q)]}

=Var [Je(k = 1/q) = 29c(k) +Fe(k + 1/0)] + [e(k = 1/a) = 27e(k) +7e(k + 1/q)]*. (a.6.2)

By Cauchy-Schwartz Inequality and the fact, implied by the proof of Theorem 2.4.1, that Var[y(-)] — 0

92



as lg, — 00,

Var Fo(k — 1/q) — 29:(k) + (k4 1/q)]

<3 {Var [Ye(k — 1/q)] + 4Var [:(k)] + Var [ye(k + 1/¢)]} = 0

as lsp, — 00. Then, (a.6.2)

E [e(k = 1/q) = 29.(k) + Ac(k + 1/0)]* = [ve(k — 1/q) — 27(k) + 7e(k + 1/q)]> as lgn — o0.

Then, the first term of (a.6.1)

[eo]

E{ Y Felk—1/q) = 27e(k) +Felk + 1/Q)]2} = > ERe(k—1/q) — 25(k) +Fe(k +1/q)]"
k=|m+1/q]+1 k=|m+1/q]+1

oo

= > [relk=1/q) = 27e(k) + 7e(k + 1/q))?,
k=|m+1/q]+1

as lsp, — 00. Similar statement can be made for other terms of (a.6.1), then

lim (@2 —5%) »1{g =2} - 1{{m +1/q) <1} - ho(1/a) — 27e(2/a) +7(3/)]”
+1{g >3} 1 [m+1/q) <1} 11 = 1/g) = 29(1) +7e(1 + 1/g))°

oo}

+ 0> ek —1/) — 27e(k) + ek + 1/g))?
k=|m+1/q]+1

oo

+ D Drelk) = ve(k 4 1/q) — vu(1/2g, k — 1/29) + 7u(1/2¢, k + 1/29)]?
k=|m+1/q]+1

oo

+ D 2 (k= 1/2q,k — 1/29) — 2vu(k — 1/2¢,k + 1/2q) + yu(k + 1/29,k + 1/29)]
k=|m+1/q]+1

oo k—1
+ > S 2 - 1/2¢.k — 1/29) — yu(l+ 1/2¢,k — 1/2q)
k=|m+1/q]+1 1=1

—yul(l = 1/2q, k +1/2¢) + v (l + 1/2q, k + 1/2¢)]*,

which implies that

mM—+00 [ gy, —>00
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Then for fixed € > 0,

P (‘322 - 022‘ >¢)=P (’ (Goo — 053) + (055 — o) + (ohs — 022)‘ > 6)
P ({\322 —om| > 6/3} U {\agg —om| > 6/3} U {\agg — g > 6/3})

<P (‘/0\22 —85”2| > 6/3) +P (‘8?2 —U%‘ > 6/3) +P (‘U% —022‘ > 6/3)

IN

By (22), (23), (24) and Markov’s inequality,

lsiiglooP (’322 — 022‘ > e)

= lim lim P (‘822 — 0’22| > 6)
M—>00 [ g —00

< lim lim P (|g2 — %] >€¢/3) + lim lim P (|53 — o3| > €/3)

T m—oo lspn—00 mM—>00 [gp—00

+ lim lim P (|obs — o22| > €/3)

M—00 [ gy, —00

. N SIS ~ . .
Ségnoolsiuﬂnoo ZE (‘022 — U%‘) —I—Tr}gnoo() —i—n%gnoop (‘05”2 — 022} > 6/3) = 0.

Hence G99 = 099 as lg, — 0o. Recall that the consistency of 17 and o12 can be proved in similar

fashion. This completes the proof. O
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